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1Center for Advanced Quantum Studies, Department of Physics,
Beijing Normal University, Beijing, 100875, P. R. China
In this paper, knot physics on entangled vortex-membranes are studied including
classification, knot dynamics and effective theory. The physics objects in this paper
are entangled vortex-membranes that are called composite knot-crystals. Under
projection, a composite knot-crystal is reduced into coupled zero-lattices. In the
continuum limit, the effective theories of coupled zero-lattices become quantum field
theories. After considering the topological interplay between knots and different
types of zero-lattices, gauge interactions emerge. Based on a particular composite
knot-crystal with (N = 4, M = 3) (we call it standard knot-crystal), the derived
effective model becomes the (one-flavor) Standard model. As a result, the knot
physics may provide an alternative interpretation on quantum field theory.
I. INTRODUCTION
A vortex (point-vortex, vortex-line, vortex-membrane) is among the most important and
most studied objects of fluid mechanics that consists of the rotating motion of fluid around a
common center (a point, a line, or a membrane). In three dimensional (3D) superfluid (SF),
it has been known that a vortex-line is subject to wavy distortions called Kelvin waves[1,
2]. Because Kelvin waves are relevant to Kolmogorov-like turbulence[3, 4], a variety of
approaches have been used to study this phenomenon. For two entangled vortex-rings, there
may exist the leapfrogging motion in classical fluids according to the works of Helmholtz and
Kelvin[5–10]. Kelvin came to the idea that classical atoms were knots of swirling vortices
in the luminiferous aether. Chemical elements correspond to knots and links. The study
of knotted vortex-lines and their dynamics has attracted scientists from diverse settings,
∗Corresponding author; Electronic address: spkou@bnu.edu.cn
2including classical fluid dynamics and superfluid dynamics[11, 12].
In the paper[13], the Kelvin wave and knot dynamics on three dimensional vortex-
membranes in five dimensional fluid were studied. A new theory - knot physics is developed
to characterize the entanglement evolution of 3D leapfrogging vortex-membranes. Owning
to the the conservation conditions of the volume of the knot in 5D space, the shape and
the volume of knot is never changed and the knot can only split and knot-pieces evolutes
following the equation of motion of Schro¨dinger equation. Three dimensional quantum Dirac
model is derived to describe the entanglement evolution of the entangled vortex-membranes:
The elementary excitations are knots with a projected zero; The physics quality to describe
local deformation is knot density or the density of zeros between two projected vortex-
membranes; The Biot-Savart equation for Kelvin waves becomes Schro¨dinger equation for
probability waves of knots; The angular frequency for leapfrogging motion turns into the
mass of knots; etc. The knot physics may give an alternative interpretation on quantum
mechanics.
In this paper, we will study the Kelvin wave and knot dynamics on complex entangled
vortex-membranes – a composite knot-crystal. By projecting entangled vortex-membranes
into several coupled zero-lattices (T-zero-lattices and W-zero-lattices), the information of the
system becomes the coupled zero-lattices with internal degrees of freedom. After considering
the topological interplay between knots and zero-lattices, different kinds of gauge interac-
tions emerge. In particular, it is the 3D quantum gauge field theories that characterize the
knot dynamics of the composite knot-crystal. The knot physics may give a complete inter-
pretation on quantum chromodynamics (QCD) and quantum electrodynamics (QED): The
collective motions of composite knot-crystal are described by quantum fluctuations of zero-
lattices: fermionic elementary particles are knots that are topological defects of zero-lattices
with internal-twistings; U(1) gauge field (Maxwell field) are phase fluctuations of internal
twistings of internal T-type zero-lattice; SU(N) Yang-Mills field are number fluctuations of
internal twistings of T-type zero-lattice, ... Two composite knots interact by exchanging
fluctuations of the internal-twistings. Based on a particular composite knot-crystal with
(N = 4, M = 3) (we call it standard knot-crystal), the derived effective model is just the
(one-flavor) Standard model.
The paper is organized as below. In Sec. II, we review Biot-Savart mechanics. In Sec.
III, we give the mathematical definition of composite knot-crystal and show the classification
3of composite knot-crystals. In Sec. IV, we introduce the zero-lattices by projecting knot-
crystals and show a topological constraint – twist-writhe locking condition for a composite
knot-crystal. In Sec. V, we obtain the effective theory for knot on a 1-level knot-crystal
with (N = 1, M = 1) and the knots are described by Weyl equation. In Sec. VI, we show
the dynamics of 1-level knot-crystal with (N = 2, M = 1) and the knots are described
by Dirac equation. In VII, we obtain the effective theory of knots on a 2-level knot-crystal
with (N = 2, M = 2) and the collective motions of composite knot-crystal are described
by a chiral SUweak(2) gauge theory with Weyl fermions and Dirac fermions. In VIII, we
obtain the effect theory of knots on a 2-level knot-crystal with (N = 4, M = 2) and the
collective motions of composite knot-crystal are described by SUstrong(n)×Uem(1) gauge field
theory. In this section, the SUstrong(n)×Uem(1) gauge fields can be viewed as fluctuations
of the internal twistings. The knots correspond to quarks and electrons. In Sec. IX,
based on a 3-level composite knot-crystal with (N = 4, M = 3) (we call it standard
knot-crystal), the derived effective model becomes the (one-flavor) Standard model with
SUstrong(n)×Uem(1)×SUweak(2) gauge fields. The knots correspond to quarks, electrons, and
neutrinos. Finally, the conclusions are drawn in Sec. X.
II. REVIEW ON BIOT-SAVART MECHANICS
In the paper[13], to characterize the entanglement evolution of vortex-membranes, a new
theory – knot physics was developed from Biot-Savart mechanics. In this paper, firstly we
review the key points of the Biot-Savart mechanics.
The 3D vortex-membrane is defined by a given singular vorticity Ω = κδP in the 5D
inviscid incompressible fluid (∇ · v ≡ 0), the singular δ-type vorticity denotes the sub-
manifold P in 5D space, and κ is the constant circulation strength. For 5D case, we have
3D vortex-membranes with Marsden-Weinstein (MW) symplectic structure[14].
The generalized Biot-Savart equation for a 3D vortex-piece under local induction approx-
imation (LIA) can be described by Hamiltonian formula
ξ˙ =
∂Hvolume(P )
∂η
, η˙ = −∂Hvolume(P )
∂ξ
(1)
where the Hamiltonian on the vortex-membranes is just 3-volume
Hvolume(P ) = (κα ln ǫ) · volume(P ) (2)
4with volume(P ) =
∫
P
dVP and α =
Γ( 5
2
)
6π
5
2
. Here ǫ is defined by ǫ = ℓ
a0
where ℓ is the length of
the order of the curvature radius (or inter-vortex distance when the considered infinitesimal
vortex is a part of a vortex tangle) and a0 denotes the infinitesimal vortex radius which
is much smaller than any other characteristic size in the system. In complex description,
z = ξ + iη, above equation can also be written into[14] idz
dt
= δHvolume(P )
δz∗
.
For Kelvin waves on a 3D helical vortex-membrane, the plane-wave is described by a
complex field, z(~x, t) = r0e
±i~k·~x−iωt+iφ0 where ~k is the winding wave vector along a direction
on 3D vortex-membrane with
∣∣∣~k
∣∣∣ = πa and a is a fixed length that denotes the half pitch of
the windings. The (Lamb impulse) momentum and the (Lamb impulse) angular momentum
along e˜-direction on vortex-membrane with a plane Kelvin wave are given by ~pLamb = PLamb ·
e˜ = ±1
2
ρκVPa
2~k and |JLamb| = |JLamb · e˜| = 12ρκVPa2, respectively. Vp is the total volume
length of the vortex-membrane. Because the projected (Lamb impulse) angular momentum
is a constant on the vortex-membrane, the effective Planck constant ~knot is derived as
angular momentum in extra space that is proportional to the volume of the knot in 5D
space, i.e., ~eff = JLamb =
1
2
ρ0κVP r
2
0 where Vp is the total volume of the vortex-membrane
and ρ0 is the superfluid mass density.
For two entangled vortex-membranes, the nonlocal interaction leads to leapfrogging
motion[10]. For leapfrogging motion, the entangled vortex-membranes exchange energy
in a periodic fashion. The winding radii of two vortex-membranes oscillate with a fixed
leapfrogging angular frequency ω∗ = (ακ ln ǫ) 2
r20
where r0 is the distance between two vortex-
membranes.
A knot is an elementary entanglement between two vortex-membranes with fixed volume.
On the one hand, a knot is π-phase changing – a sharp, time-independent, topological phase
changing, on the other hand, a knot has a phase angle. Quantum mechanics describes
the dynamics of smooth, slow, non-topological phase changing of knots. From point view
of information, the elementary volume-changing with a zero is a knot. Under fixed-volume
condition, the knot becomes fragmentized and obeys quantum mechanics rather than pseudo-
quantum mechanics. This is the fundamental principle of quantum mechanics. The effective
Planck constant ~knot is derived as angular momentum in extra space (the volume of the
knot in 5D space)
~knot =
1
2
ρ0κVP r
2
0 (3)
5where Vp is the total volume of the vortex-membrane and ρ0 is the superfluid mass density.
We pointed out that the function of a Kelvin wave with an extra fragmentized knot
describes the distribution of the knot-pieces and z(~x, t) plays the role of the wave-function
in quantum mechanics as
1√
VP
z(~x, t)
r0
=
√
ρknot(x, t)e
i∆φ(~x,t) ⇐⇒ ψ(~x, t). (4)
The angle ∆φ(~x, t) becomes the quantum phase angle of wave-function, the knot density
ρknot =
〈
∆Kˆ
∆VP
〉
becomes the probability density of knot-pieces nknot(~x). For a plane wave,
ψ(~x, t) = 1√
VP
e−iω·t+i~k·~x, the projected (Lamb impulse) energy of a knot is
Eknot = ~knotω (5)
and the projected (Lamb impulse) momentum of a knot is
~pknot = ~knot~k (6)
where the effective Planck constant ~knot is obtained as projected (Lamb impulse) angular
momentum of a knot (the elementary volume-changing of two entangled vortex-membranes)
~knot = Jknot =
1
2
ρ0κVP r
2
0.
In general, the energy and momentum for a knot are described by operators
Eknot → Eˆknot = i~eff d
dt
, ~pknot → pˆknot = −i~eff d
d~x
. (7)
The energy-momentum relationship E = H(~p) becomes the equation of motion for wave-
function,
i~eff
d
dt
ψ(~x) = Hˆknot(pˆ)ψ(~x). (8)
We also use path-integral formulation to describe quantum processes in knot physics. For
a multi-knot system, the probability amplitude is defined by
〈tf , ~x′M , ..., ~x′2, ~x′1 |ti, ~xM , ..., ~x2, ~x1〉
=
∫
Dψ†(~x, t)Dψ(~x, t)eiSknot/~eff (9)
where Sknot =
∑
ω,~p
Sω,~p =
∫ Lknotdtd3x with Sω,~p = ψ†~p(i~effω(~p) − Hknot(~p))ψ~p and Lknot =
iψ†∂tψ − Hˆknot.
However, there is an unsolved problem in Ref.[13]: because free Dirac model is non-
interacting, we don’t know how to do a physical dynamic projection. In this paper, we
develop an effective quantum gauge field theory and solve above problem.
6III. COMPOSITE KNOT-CRYSTAL: DEFINITION, CLASSIFICATION AND
GENERALIZED TRANSLATION SYMMETRY
In solid state physics, a basic theory is about atom-crystal and its lattices. The atom-
crystal has its inherent symmetry, by which we may classify different types of symmetries
(translational symmetry, rotation symmetry, mirror symmetry). For example, there are 230
distinct space groups in 3D space. In addition to simple crystal with monatomic lattices,
there exist composite crystals with polyatomic lattices that have more than one type of
atoms in a unit cell.
In the paper [13], a periodic entanglement-pattern between two vortex-membranes is
called knot-crystal. The definition of a ”knot-crystal” is based on periodic structures of
knots that is similar to atom-crystal where the atoms form a periodic arrangement. However,
knot-crystal is different from traditional atom-crystal. Fig.1(a) shows a 1D knot-crystal in
3D space. Due to the existence of rotation symmetry and generalized translation symmetry,
the properties of knot-crystals are much different from that of atom-crystals. In this paper,
under local induction approximation (LIA), we discuss the properties of composite knot-
crystals, a periodic entanglement-pattern between multi-vortex-membrane. The name of
composite knot-crystal comes from the similarity to the polyatomic atom-crystal with a
composite lattice.
A. Definition
Firstly we consider an arbitrary d dimensional composite knot-crystal that comes from a
periodic entanglement pattern by entangled vortex-membranes in d + 2 dimensional space
(x1, x2, ..., xd, xd+1, xd+2). To characterize a composite knot-crystal, we define the function
by an N ×M matrix
Z(~x, t) =


z1(~x, t)
z2(~x, t)
...
zN (~x, t)


=


z1,1(~x, t) z1,2(~x, t) ... z1,M(~x, t)
z2,1(~x, t) z2,2(~x, t) ... ...
... ... ... ...
zN ,1(~x, t) zN ,2(~x, t) ... zN ,M(~x, t)


(10)
where ~x = (x1, x2, ..., xd). N and M denote the vortex-index and the level-index, respec-
tively. We point out that Z(~x, t) is just matrix representation to show the properties of
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FIG. 1: (a) An illustration of a knot-crystal with (N = 1 and M = 1). The linear relationship
between winding angle φ and x indicates the generalized spatial translation symmetry; (b) An
illustration of a composite knot-crystal with (N = 1 and M = 1). There exists linear relationship
between winding angle of level-1 Kelvin wave φ1 and x and linear relationship between winding
angle of level-2 Kelvin wave φ2 and winding angle of level-1 Kelvin wave φ1. In particular, level-2
vortex-membrane (that is a Kelvin wave) becomes center membrane of level-1 vortex-membrane.
knot-crystal and there exist N ×M independent functions. zj(~x, t) denotes the function
of j-th vortex-membrane. A generalized definition of a knot-crystal is given by N ×M
independent functions of j-th level i-th vortex-membrane zi,j(~x, t) that is an element of the
matrix as
zi,j(~x, t) =
∏
I
ri,j(α
I
i,je
iφIi,j + βIi,je
−iφIi,j )eiωi,jt+i(φ
I
i,j)0 (11)
where
∣∣αIi,j∣∣2 + ∣∣βIi,j∣∣2 = 1 and I = x1, x2, ..., xd. φIi,j and (φIi,j)0 denote the winding phase
angle and the constant phase angle along given xI-direction j-th level i-th vortex-membrane,
respectively. ωi,j is rotating velocity and ri,j is the radius of j-th level winding of i-th vortex-
membrane, respectively. In general, to guarantee the stability of the composite knot-crystal,
we consider LIA,
ri,j−1 ≫ ri,j. (12)
In particular, j-th level i-th vortex-membrane (that is a Kelvin wave) becomes center mem-
brane of (j–1)th level i-th vortex-membrane.
To determine a composite knot-crystal, there is a hierarchy recurrence relationship be-
8tween two nearest-neighbor levels along xI-direction
φIi,M = k
I
i,0 · xI ,
φIi,M−1 = ∆
I
i,(M−1,M)φ
I
i,M,
...
φIi,j−1 = ∆
I
i,(j−1,j)φ
I
i,j,
... (13)
φIi,1 = ∆
I
i,(1,2)φ
I
i,2,
where kIi,0 =
π
aIi,M
denotes winding vector along the winding direction, and aIi,M is the length
that denotes the half pitch of largest windings of i-th vortex-membrane. Each number of
the vector ∆Ii,(j−1,j) is the positive winding number of (j-1)-th level windings in a j-th level
winding for i-th vortex-membrane along xI-direction. Thus, according to the hierarchy
recurrence relationship, we have
zi,j(~x, t) =
∏
I
ri,j(α
I
i,je
iφIi,j + βIi,je
−iφIi,j )eiωi,jt+i(φ
I
i,j)0 (14)
where φIi,j = [
∏M
j
∆Ii,(j−1,j)] · φIi,M. As a result, the function for a knot-crystal withM-level
N vortex-membranes is described by the N ×M winding angle φIij,
Z(xI , t) =


∏
I
z1,1(φ
I
1,1, t)
∏
I
z1,2(φ
I
1,2, t) ...
∏
I
z1,M(φI1,M, t)
∏
I
z2,1(φ
I
2,1, t)
∏
I
z2,2(φ
I
2,2, t) ... ...
... ... ... ...∏
I
zN ,1(φIN ,1, t)
∏
I
zN ,2(φIN ,2, t) ...
∏
I
zN ,M(φIN ,M, t)


. (15)
In this paper, for simplify, we only consider the cases of
∆Ii,(j−1,j) = ∆
I
(j−1,j).
As a result, the different vortex-membranes of the same level have the same winding length.
The hierarchy series of the particular type of composite knot-crystal is given by
{∆(1,2),∆(2,3), ...,∆(M−1,M)}. (16)
9B. Classification
To classify a knot-crystal, we introduce three indices: dimension d, number of vortex-
membranes N , level M. Each d-dimensional composite knot-crystal is denoted by (N ,
M).
The first index is dimension of knot-crystal, d. In this paper we focus on 3D knot-crystal
(d = 3) that is described by Z(~x, t) where ~x = (x, y, z). Fig.1 is an illustration of two types
of 1D knot-crystals in 3D space.
The second index is the number of vortex-membranes, N . For a composite knot-crystal
with (N = 1, M), the function is
z(~x, t) =
(
r1(α1e
iφ1 + β1e
−iφ1)eiω1t+i(φ1)0 ... rM(αMeiφM + β1e−iφM)eiωMt+i(φM)0
)
(17)
where |αi|2+ |βi|2 = 1 and ri ≫ ri−1. Fig.1(b) is an example of a 1D composite knot-crystal
from one vortex-membrane, of which the function is given by
z(x, t) =
(
r1e
iφ1(x)+iω1t+i(φ1)0 r2e
iφ2(x)+iω2t+i(φ2)0
)
(18)
where r1 ≪ r2, φ2(x) = ∆(1,2) · φ1(x) and ∆(1,2) is a positive number.
The third index is level of knot-crystal, M. To define the concept of level, we introduce
composite knot-crystal that corresponds to polyatomic atom-crystal with a composite lattice.
Fig.1(b) is an illustration of a 2-level knot-crystal with (N = 1, M = 2). An important
composite knot-crystal is standard knot-crystal with (N = 4,M = 3), of which the hierarchy
series is given by
{∆(1,2), ∆(2,3)} (19)
where ∆(1,2) = 3 and ∆(2,3) ≫ 1.
In addition to the three indices, d, N , M, to characterize a composite knot-crystal, one
need to define its tensor network state that denotes the entanglement pattern along different
directions. In Ref.[13], we have studied a 3D simple knot-crystal with two vortex-membranes
(N = 2, M = 1) – spin-orbital coupling (SOC) knot-crystal that is characterized by the
following tensor network state
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (20)〈
σY ⊗~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗~1
〉
= ~nZσ = (0, 0, 1).
10
C. Generalized spatial translation symmetry
One of the most important properties of a composite knot-crystal is generalized spatial
translation symmetry.
It is obvious that the knot-crystals break continuous translation symmetry, i.e.,
Z′(~x, t) 6= T (δxI → 0)Z(~x, t) (21)
where Z(~x, t) is function for a knot-crystal and T (δxI) is translation operator for knot-
crystal. The knot-crystals have discrete translation symmetry as
Z′(~x, t) = T (δxI = 2aI)Z(~x, t) (22)
= Z(~x, t).
Here aI is the length that denotes the half pitch of largest windings of vortex-membrane.
However, we point out that all knot-crystals have generalized spatial translation symmetry.
To define the generalized translation symmetry for a knot-crystal, we do a translation
operation, under which all vortex-membranes shift a distance
∣∣δxI∣∣ along the xI-direction.
i.e.,
Z(~x, t)→ Z′(~x, t) = T (δxI)Z(~x, t) (23)
=


z1,1((φ
I
1,1 + δφ
I
1,1), t) z1,2((φ
I
1,2 + δφ
I
1,2), t) ... z1,M((φ
I
1,M + δφ
I
1,M), t)
z2,1((φ
I
2,1 + δφ
I
2,1), t) z2,2((φ
I
2,2 + δφ
I
2,2), t) ... ...
... ... ... ...
zN ,1((φIN ,1 + δφ
I
N ,1), t) zN ,2((φ
I
N ,2 + δφ
I
N ,2), t) ... zN ,M((φ
I
N ,M + δφ
I
N ,M), t)


.
Under the global generalized translation symmetry, we have
zi,j(~x, t)→ z′i,j(~x, t) = T (δxI)zi,j(~x, t) (24)
= T (δxI)zi,j(φIi,j, t)
= zi,j((φ
I
i,j +∆φ
I
i,j), t), j = 1, 2, ...M
where
δφIi,j = ∆i,j · δφIi,j−1. (25)
11
We can define generalized spatial translation symmetry for each level of composite knot-
crystal, Tl(δxI), i.e.,
zi,j(~x, t)→ z′i,j(~x, t) = Tl(δxI)zi,j(~x, t) (26)
= zi,j((φ
I
i,j + δlj∆φ
I
i,j), t).
For the case of l = j, we have δlj = 1; For the case of l 6= j, we have δlj = 0.
D. Examples of composite knot-crystals
1. 1-level winding knot-crystal with (N = 1, M = 1)
Firstly, we consider the simplest knot-crystal – 1-level winding knot-crystal with (N = 1,
M = 1).
A 3D level winding knot-crystal with (N = 1,M = 1) is just a pure state of Kelvin wave
from a vortex-membrane in five dimensional space (x, y, z, ξ, η) that is described by
z(~x, t) = r0(αe
iφ(x) + βe−iφ(x))eiωt+iφ0 . (27)
To distinguish the travelling Kelvin wave and standing Kelvin wave, we have introduced
the spin network representation (a reduction representation of tensor network state) of
Kelvin waves[13]. Different spin network states of Kelvin waves have different spin directions
〈
σI
〉
= 〈z] (σI) [z〉 (28)
= ~nIσ, I = x, y, z
where σI is 2 × 2 Pauli matrices for helical degree of freedom. Different knot-crystal with
(N = 1, M = 1) is characterized by different spin network states ~nσ.
2. 1-level knot-crystal with (N = 2, M = 1)
We then review the properties of another simple knot-crystal – three dimensional 1-level
knot-crystal with (N = 2, M = 1) (two entangled vortex-membranes) in five dimensional
space (x, y, z, ξ, η) that is described by Z(~x, t) =

 zA(~x, t)
zB(~x, t)

.
12
To distinguish the travelling Kelvin wave and standing Kelvin wave, we have introduced
the tensor network representation of Kelvin waves. Different tensor states of Kelvin waves
have different tensor network
〈
σI ⊗ τ I〉 = 〈Z] (σI ⊗ τ I) [Z〉 (29)
= ~nIσ ⊗~1, I = x, y, z
where σI , τ I are 2 × 2 Pauli matrices for helical and vortex degrees of freedom, respec-
tively. An interesting type of knot-crystal is spin-orbital coupling (SOC) knot-crystal that
is characterized by the tensor network states
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (30)〈
σY ⊗~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗~1
〉
= ~nZσ = (0, 0, 1).
There always exists leapfrogging motion for the two entangled vortex-membranes with a
fixed leapfrogging angular frequency ω∗ and fixed distance r0. As a result, along x-direction,
the function of the Kelvin waves becomes
Z(z, t) =
r0√
2

 1 + eiω
∗t
1− eiω∗t

 cos(k · x)e−iω0t; (31)
along y-direction, the function becomes
Z(y, t) =
r0√
2

 1 + eiω
∗t
1− eiω∗t

 e−iω0t
· (eik·y + ie−ik·y); (32)
along z-direction, the function becomes
Z(z, t) = r0

 1 + eiω
∗t
1− eiω∗t

 eik·ze−iω0t. (33)
3. 2-level composite winding knot-crystal with (N = 2, M = 2)
A 2-level composite winding knot-crystal is an object of two entangled vortex-membranes
A and B. To generate a 2-level winding knot-crystal, we firstly tangle two symmetric vortex-
membranes A and B and get a knot-crystal. Next, we winding the knot-crystal and get a
13
zB,1(rB,1 ) level-1
(b)(a)
N=2, M=2 
composite
knot-crystal
level-2z2(r2 )
zA,1(rA,1 )
FIG. 2: (a) An illustration of a 1D composite knot-crystal with (N = 2, M = 2) (a system of two
entangled vortex-lines); (b) The hierarchy structure of a 1D composite knot-crystal with (N = 2,
M = 2)
2-level composite knot-crystal with (N = 2, M = 2). See the illustration in Fig.2(a). In
Fig.2(b), we show the hierarchy structure of a composite knot-crystal with (N = 2,M = 2).
a. The definition In general, the function of 2-level composite knot-crystal with (N =
2, M = 2) is denoted by
Z(xI , t) =


∏
I
zA,1(φ
I
A,1, t)
∏
I
zA,2(φ
I
A,2, t)
∏
I
zB,1(φ
I
B,1, t)
∏
I
zB,2(φ
I
B,2, t)

 . (34)
According to φIA,2(x
I) = φIB,2(x
I) = φI2(x
I , t), or
∏
I
zA,2(φ
I
A1,2
(xI), t) =
∏
I
zB,2(φ
I
B1,2
(xI), t) = z2(φ
I
2(x
I , t), t), (35)
z2(~x, t) denotes the centre-membrane of vortex-membrane-A and vortex-membrane-B.
zA,1(~x, t) =
∏
I
zA,1(φ
I
A,1, t) denotes the vortex-membrane-A and zB,1(~x, t) =
∏
I
zB,1(φ
I
B,1, t)
denotes the vortex-membrane-B. The phase angles of z2(x
I , t) are φI2(x
I , t) and the winding
radius of z2(~x, t) is r2(~x, t). The winding radii rA/B,1 are the local winding radii of vortex-
membranes zA/B,1(~x, t) around its center membrane; φ
I
A/B,1(x
I , t) are the phase angles of
vortex-membranes-A/B. In particular, we consider a perturbative condition,
r2 ≫ rA/B,1. (36)
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The hierarchy series is just a number
∆(1,2) =
φIA,1(x
I , t)
φI2(x
I , t)
=
φIB,1(x
I , t)
φI2(x
I , t)
. (37)
b. Example In this paper, we focus on a particular type of 2-level composite knot-
crystal with (N = 2, M = 2).

 zA,1(~x, t)
zB,1(~x, t)

 becomes the function of an SOC knot-crystal
with leapfrogging motion. The tensor network state of

 zA,1(~x, t)
zB,1(~x, t)

 is
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (38)〈
σY ⊗~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗~1
〉
= ~nZσ = (0, 0, 1).
z2(~x, t) is effective σz-type of knot-crystal with leapfrogging motion. The tensor network
state is
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (39)〈
σY ⊗~1
〉
= ~nYσ = (1, 0, 0),〈
σZ ⊗~1
〉
= ~nZσ = (1, 0, 0).
In this paper, the hierarchy series ∆(1,2) is considered to be a large positive integer number.
c. Twist-writhe locking condition We then introduce a topological constraint condition
for a 2-level composite knot-crystal – twist-writhe locking condition.
To characterize a 2-level composite knot-crystal with (N = 2,M = 2), we introduce three
types of 1D translation symmetry projected topological invariable: linking-number, writhe-
number, and twist-number. So, there are three types of vectors for topological invariable
to describe entanglement between two vortex-membranes: a 1D linking-number density-
vector, a writhe-number density vector, a twist-number density vector. We point out that
there exists an important topological relationship between these topological invariable – the
twist-writhe locking condition.
Firstly, we discuss the entanglement between two entangled vortex-membranes for
2-level composite knot-crystal with (N = 2, M = 2) (zA,1(~x, t) and zB,1(~x, t)), of
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which the vector of (translation symmetry projected) 1D linking numbers ~ζ(AB),1D =
(ζx(AB),1D, ζ
y
(AB),1D, ζ
z
(AB),1D)[13] where
ζI(AB),1D =
1
4π
∮
C
xI ,A
∮
C
xI ,B
(sIA − sIB) · dsIA × dsIB
|sIA − sIB|3
. (40)
Here sIA/B = r · ~eI is the spatial vector of vortex-membranes along a given direction ~eI
(I = x, y, z). We decompose the linking number ζI(AB),1D into the vector of writhe number
W I(AB),1D = W
I
1D,A +W
I
1D,B, and the vector of the twist number T
I
(AB),1D = T
I
1D,A + T
I
1D,B,
i.e., ζI(AB),1D = W
I
(AB),1D + T
I
(AB),1D where
W I(AB),1D =
1
4π
∮
C
xI ,A
∮
C
xI ,A
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
+
1
4π
∮
C
xI ,B
∮
C
xI ,B
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
,
T I(AB),1D =
1
2π
∮
C
xI ,A
(NI × (NI)′) · dsI
+
1
2π
∮
C
xI ,B
(NI × (NI)′) · dsI (41)
where a unit span-wise vectorNI = nˆI cos θI+bˆI sin θI determines the twisting of the vortex-
membranes along xI-direction. nˆI and bˆI are local normal and bi-normal (unit vectors) of
the vortex-membrane in 5D fluid along xI-direction, respectively (θI is the corresponding
mixing angle).
Because the linking number is a topological invariant for two entangled vortex-
membranes, we have a topological constraint condition – twist-writhe locking condition[15,
16],
ζI(AB),1D =W
I
(AB),1D + T
I
(AB),1D ≡ const, (I = x, y, z). (42)
Theoretically under continuous deformation of the vortex-membranes, the writhe number
W I(AB),1D and the twist number T
I
(AB),1D vary together, i.e.,
δW I(AB),1D ≡ −δT I(AB),1D, (I = x, y, z). (43)
From above discussion, we point out that for two entangled vortex-membranes (2-level com-
posite knot-crystal with (N = 2,M = 2)) when the two vortex-membranes have additional
global winding, finite δW I(AB),1D leads to finite −δT I(AB),1D that is really additional entangle-
ment between two vortex-membranes; vice versa.
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It was known that the vector of linking-number density operators for two entangled
vortex-membranes (2-level composite knot-crystal with (N = 2, M = 2)) are defined by
ρˆlinking = (− i
2πr20
d
dxx
,− i
2πr20
d
dxy
,− i
2πr20
d
dxz
), (44)
respectively. For a 2-level composite knot-crystal with (N = 2, M = 2), the three 1D
(spatial translation symmetry protected) linking-numbers ζI1D (I = x, y, z) are conserved.
For 3D 2-level composite knot-crystal with (N = 2, M = 2) in 5D space, we define the
(spatial translation symmetry projected) 1D writhe density vector
~ρwrithe(~x, t) =
dW I1D
dxI
(45)
and the (spatial translation symmetry projected) 1D twist density vector
~ρtwist(~x, t) =
dT I1D
dxI
. (46)
Due to the twist-writhe locking condition and spatial translation symmetry, for 2-level com-
posite knot-crystal with (N = 2, M = 2), we have the following equation
ρIlinking(x, t) = ρ
I
writhe(~x, t) + ρ
I
twist(~x, t), (I = x, y, z). (47)
4. 2-level composite double-helix knot-crystal with (N = 4, M = 2)
A 2-level composite knot-crystal with (N = 4, M = 2) is an object of four entangled
vortex-membranes A1, A2 and B1, B2. To generate a 2-level composite knot-crystal with
(N = 4, M = 2), we firstly tangle two symmetric vortex-membranes A1 and A2 and
get A-knot-crystal. Next, we tangle two symmetric vortex-membranes B1 and B2 and get
B-knot-crystal. Then, we tangle A-knot-crystal and B-knot-crystal into a composite knot-
crystal. See the illustration in Fig.3(a). In Fig.3(b), we show the hierarchy structure of a
composite knot-crystal with (N = 4, M = 2).
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level-2
(b)(a)
N=4, M=2 
composite
knot-crystal
level-1
zA,2(rA,2 )
zA,1(rA,1 ) zA,2(rA,2 )
zB,2(rB,2 )
zB,1(rB,1 ) zB,2(rB,2 )
FIG. 3: (a) An illustration of a 1D composite knot-crystal with (N = 4,M = 2) (a system of four
entangled vortex-lines); (b) The hierarchy structure of a 1D composite knot-crystal with (N = 4,
M = 2)
a. The definition In general, the function of 2-level composite knot-crystal with (N =
4, M = 2) is denoted by
Z(~x, t) =


∏
I
zA1,1(φ
I
A1,1
, t)
∏
I
zA1,2(φ
I
A1,2
, t)
∏
I
zA2,1(φ
I
A2,1
, t)
∏
I
zA2,2(φ
I
A2,2
, t)
∏
I
zB1,1(φ
I
B1,1
, t)
∏
I
zB1,2(φ
I
B1,2
, t)
∏
I
zB2,1(φ
I
B2,1
, t)
∏
I
zB2,2(φ
I
B2,2
, t)


. (48)
According to φIA1,2(x
I) = φIA2,2(x
I) = φIA,2(x
I , t) and φIB1,2(x
I) = φIB2,2(x
I) = φIB,2(x
I , t), or
∏
I
zA1,2(φ
I
A1,2
(xI), t) =
∏
I
zA2,2(φ
I
A2,2
(xI), t) = zA,2(~x, t) (49)
and ∏
I
zB1,2(φ
I
B1,2
(xI), t) =
∏
I
zB2,2(φ
I
B2,2
(xI), t) = zB,2(~x, t), (50)
Z2(~x, t) =

 zA,2(~x, t)
zB,2(~x, t)

 denote the centre-membranes of A-knot-crystal and B-knot-
crystal, respectively. Or, zA,2(~x, t) denotes the global position of the entangled vortex-
membranes A1, A2 and zB,2(~x, t) denotes the global position of the entangled vortex-
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membranes B1, B2. Z
′
A,1(~x, t) =

 zA1,1(~x, t)
zA2,1(~x, t)

 =


∏
I
zA1,1(φ
I
A1,1
(φIA1,2(x
I)), t)
∏
I
zA2,1(φ
I
A2,1
(φIA1,2(x
I)), t)

 and
Z′B,1(~x, t) =

 zB1,1(~x, t)
zB2,1(~x, t)

 =


∏
I
zB1,1(φ
I
B1,1
(φIB1,2(x
I)), t)
∏
I
zB2,1(φ
I
B2,1
(φIB1,2(x
I)), t)

 denote local entanglement
between two vortex-membranes A1, A2 and B1, B2, respectively. The phase angles of
z2,A/B(x
I , t) are φIA/B,2(x
I , t) and the winding radii of zA/B,2(~x, t) are rA/B,2(~x, t). The winding
radii rAi/Bi,1 are the local winding radii of vortex-membranes Z
′
Ai/Bi,1
(~x, t) around its center;
φIAi/Bi,1
(xI , t) are the angles of vortex-membranes Z′Ai/Bi,1(~x, t) around its center-membrane
A/B. Then, to characterize a knot on winding entangled vortex-membranes, we need to two
types phase angles – one is φIA/B,2(~x, t) that describe the winding position of the knot on
centre-membrane zA/B,2(~x, t), the other is φ
I
Ai/Bi,1
(xI , t) that are the phase angle of internal
windings.
In particular, we consider a perturbative condition,
r2 =
√
r2A,2(~x, t) + r
2
B,2(~x, t)≫
∣∣rAi/Bi,1(~x, t)
∣∣ . (51)
The hierarchy series is also a number
∆(1,2) =
φIA1,1(x
I , t)
φIA,2(x
I , t)
=
φIB1,1(x
I , t)
φIB,2(x
I , t)
(52)
=
φIA2,1(x
I , t)
φIA,2(x
I , t)
=
φIB2,1(x
I , t)
φIB,2(x
I , t)
.
b. Example In this paper, we focus on a particular type of 2-level composite knot-
crystal with (N = 4,M = 2). Z2(~x, t) becomes an effective SOC knot-crystal with leapfrog-
ging motion, i.e.,
Z2(~x, t) =

 zA,2(~x, t)
zB,2(~x, t)

 . (53)
The tensor network state of Z2(~x, t) is also
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (54)〈
σY ⊗~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗~1
〉
= ~nZσ = (0, 0, 1).
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Z′A,1(~x, t) and Z
′
B,1(~x, t) are effective SOC knot-crystal with leapfrogging motion. The tensor
network state is
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (55)〈
σY ⊗~1
〉
= ~nYσ = (1, 0, 0),〈
σZ ⊗~1
〉
= ~nZσ = (1, 0, 0).
The hierarchy series ∆(1,2) is considered to be a positive integer number n (for example,
n = 3).
c. Twist-writhe locking condition We have discussed the twist-writhe locking relation
for a composite knot-crystal (vortex-membrane-A and vortex-membrane-B and get
ζI(AB),1D = W
I
(AB),1D + T
I
(AB),1D ≡ const, (I = x, y, z) (56)
where ζI(AB),1D,W
I
(AB),1D, and T
I
(AB),1D are linking number, writhe number, and twist number,
respectively. In this section, we consider the case of composite knot-crystal – a composite
system with four entangled vortex-membranes (Z(~x, t)) and discuss the twist-writhe locking
relation for it.
For the entanglement between zA1,1(~x, t) and zA2,1(~x, t) or that between zB1,1(~x, t) and
zB2,1(~x, t), the twist-writhe locking relation is similar to that the entanglement between
zA,2(~x, t) and zB,2(~x, t) in a composite winding knot-crystal with (N = 2, M = 2):
There are three types of vectors for topological invariable to describe entanglement
between zA1,1(~x, t) and zA2,1(~x, t): a 1D linking-number density-vector
~ζ(A1A2),1D =
(ζx(A1A2),1D, ζ
y
(A1A2),1D
, ζz(A1A2),1D)[13] where
ζI(A1A2),1D =
1
4π
∮
C
xI ,A1
∮
C
xI ,A2
(sIA1 − sIA2) · dsIA1 × dsIA2
|sIA1 − sIA2 |3
, (57)
a writhe-number density vector
W I(A1A2),1D =
1
4π
∮
C
xI ,A1
∮
C
xI ,A1
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
(58)
+
1
4π
∮
C
xI ,A2
∮
C
xI ,A2
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
,
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a twist-number density vector
T I(A1A2),1D =
1
2π
∮
C
xI ,A1
(NI × (NI)′) · dsI
+
1
2π
∮
C
xI ,A2
(NI × (NI)′) · dsI ; (59)
There are three types of vectors for topological invariable to describe entanglement
between zB1,1(~x, t) and zB2,1(~x, t): a 1D linking-number density-vector
~ζ(B1B2),1D =
(ζx(B1B2),1D, ζ
y
(B1B2),1D
, ζz(B1B2),1D)[13] where
ζI(B1B2),1D =
1
4π
∮
C
xI ,B1
∮
C
xI ,B2
(sIB1 − sIB2) · dsIB1 × dsIB2
|sIB1 − sIB2 |3
, (60)
a writhe-number density vector
W I(B1B2),1D =
1
4π
∮
C
xI ,B1
∮
C
xI ,B1
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
(61)
+
1
4π
∮
C
xI ,B2
∮
C
xI ,B2
(sI1 − s2) · dsI1 × ds2
|sI1 − s2|3
,
a twist-number density vector
T I(B1B2),1D =
1
2π
∮
C
xI ,B1
(NI × (NI)′) · dsI
+
1
2π
∮
C
xI ,B2
(NI × (NI)′) · dsI . (62)
The twist-writhe locking condition for two entangled vortex-membranes Z′1,A(~x, t) =
 zA1,1(~x, t)
zA2,1(~x, t)

 is given by
ζI(A1A2),1D = W
I
(A1A2),1D + T
I
(A1A2),1D ≡ const, (I = x, y, z) (63)
or
δW I(A1A2),1D ≡ −δT I(A1A2),1D, (I = x, y, z). (64)
The twist-writhe locking condition for two entangled vortex-membranes Z′B,1(~x, t) =
 zB1,1(~x, t)
zB2,1(~x, t)

 is given by
ζI(B1B2),1D = W
I
(B1B2),1D
+ T I(B1B2),1D ≡ const, (I = x, y, z) (65)
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(b) (c)(a)
AB AA BB
t = 0 t = T/4 t = T/2
FIG. 4: An illustration of leapfrogging motion for two entangled vortex-lines
or
δW I(B1B2),1D ≡ −δT I(B1B2),1D, (I = x, y, z). (66)
In particular, there exist the following topological locking relationships
W I1D,A =⇒ δW IA1,1D = δW IA2,1D = W I1D,A, (67)
and
W I1D,B =⇒ δW IB1,1D = δW IB2,1D = W I1D,B. (68)
Because W I1D,A or W
I
1D,B is time-dependent due to leapfrogging motion, W
I
A1,1D
, W IA2,1D,
W IB1,1D, W
I
B2,1D
change with time. See the illustration in Fig.4.
According to twist-writhe locking conditions, δW I(A1A2),1D ≡ −δT I(A1A2),1D and
δW I(B1B2),1D ≡ −δT I(B1B2),1D, we have
δT I(A1A2),1D = −W I1D,A, (I = x, y, z), (69)
and
δT I(B1B2),1D = −W I1D,B, (I = x, y, z). (70)
From above discussion, we point out that for uniformly entangled vortex-membranes
when the two vortex-membranes have additional global winding, finite δW I(AB),1D leads to
finite −δT I(AB),1D that is really additional entanglement between two vortex-membranes; vice
versa. That means a global winding of A-knot-crystal and B-knot-crystal leads to additional
internal twisting between vortex-membranes A1, A2 and vortex-membranes B1, B2.
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z3(r3 )
FIG. 5: (a) An illustration of a 1D composite knot-crystal with (N = 4 and M = 3) (a system of
four entangled vortex-lines); (b) The hierarchy structure
5. 3-level composite knot-crystal with (N = 4, M = 3)
A 3-level composite knot-crystal with (N = 4, M = 3) is an object of four entangled
vortex-membranes A1, A2 and B1, B2. We firstly tangle two symmetric vortex-membranes
A1 and A2 and get A-knot-crystal and tangle two symmetric vortex-membranes B1 and B2
and get B-knot-crystal. Then, we tangle A-knot-crystal and B-knot-crystal into a 2-level
composite double-helix knot-crystal. Finally, we wind the 2-level composite double-helix
knot-crystal and get a 3-level composite knot-crystal with (N = 4, M = 3). See the
illustration in Fig.5(a). In Fig.5(b), we show the hierarchy structure of a composite knot-
crystal with (N = 4, M = 3).
a. The definition In general, the function of 3-level composite knot-crystal with (N =
4, M = 3) is denoted by
Z(~x, t) =
∏
I
zA1,1(φ
I
A1,1
, t)
∏
I
zA1,2(φ
I
A1,2
, t)
∏
I
zA1,3(φ
I
A1,3
, t)
∏
I
zA2,1(φ
I
A2,1
, t)
∏
I
zA2,2(φ
I
A2,2
, t)
∏
I
zA2,3(φ
I
A2,3
, t)
∏
I
zB1,1(φ
I
B1,1
, t)
∏
I
zB1,2(φ
I
B1,2
, t)
∏
I
zB1,3(φ
I
B1,3
, t)
∏
I
zB2,1(φ
I
B2,1
, t)
∏
I
zB2,2(φ
I
B2,2
, t)
∏
I
zB2,3(φ
I
B2,3
, t)
. (71)
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According to φIA,3(x
I) = φIB,3(x
I) = φI3(x
I , t), or
∏
I
zA1,3(φ
I
A1,3
, t) =
∏
I
zA2,3(φ
I
A2,3
, t) (72)
=
∏
I
zB1,3(φ
I
B1,3
, t) =
∏
I
zB2,3(φ
I
B2,3
, t)
= z3(x
I , t),
z3(~x, t) denotes the centre-membranes of A-knot-crystal and B-knot-crystal. The phase
angles of z3(x
I , t) are φI3(x
I , t) and the winding radii of z3(~x, t) are r3(~x, t). According to
φIA1,2(x
I) = φIA2,2(x
I) = φIA,2(x
I , t) and φIB1,2(x
I) = φIB2,2(x
I) = φIB,2(x
I , t), or
∏
I
zA1,2(φ
I
A1,2(x
I), t) =
∏
I
zA2,2(φ
I
A2,2(x
I), t) = zA,2(~x, t) (73)
and ∏
I
zB1,2(φ
I
B1,2(x
I), t) =
∏
I
zB2,2(φ
I
B2,2(x
I), t) = zB,2(~x, t), (74)
Z2(~x, t) =

 zA,2(~x, t)
zB,2(~x, t)

 also denote the centre-membranes of A-knot-crystal and B-
knot-crystal, respectively. z2,A(~x, t) denotes the global position of the entangled vortex-
membranes A1, A2 and zB,2(~x, t) denotes the global position of the entangled vortex-
membranes B1, B2. Z
′
A,1(~x, t) =

 zA1,1(~x, t)
zA2,1(~x, t)

 =


∏
I
zA1,1(φ
I
A1,1
(φIA1,2(x
I)), t)
∏
I
zA2,1(φ
I
A2,1
(φIA1,2(x
I)), t)

 and
Z′B,1(~x, t) =

 zB1,1(~x, t)
zB2,1(~x, t)

 =


∏
I
zB1,1(φ
I
B1,1
(φIB1,2(x
I)), t)
∏
I
zB2,1(φ
I
B2,1
(φIB1,2(x
I)), t)

 denote local entanglement
between two vortex-membranes A1, A2 and B1, B2, respectively. The phase angles of
zA/B,2(x
I , t) are φIA/B,2(x
I , t) and the winding radii of zA/B,2(~x, t) are rA/B,2(~x, t). The winding
radii rAi/Bi,1 are the local winding radii of vortex-membranes Z
′
Ai/Bi,1
(~x, t) around its center;
φIAi/Bi,1
(xI , t) are the angles of vortex-membranes Z′Ai/Bi,1(~x, t) around its center-membrane
A/B.
In particular, we consider a perturbative condition,
r3 ≫ r2 =
√
r2A,2(~x, t) + r
2
B,2(~x, t)≫
∣∣rAi/Bi,1(~x, t)
∣∣ . (75)
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The hierarchy series is
{∆(1,2),∆(2,3)}
where
∆(1,2) =
φIA1,1(x
I , t)
φIA,2(x
I , t)
=
φIB1,1(x
I , t)
φIB,2(x
I , t)
(76)
=
φIA2,1(x
I , t)
φIA,2(x
I , t)
=
φIB2,1(x
I , t)
φIB,2(x
I , t)
and
∆(2,3) =
φIA,2(x
I , t)
φI3(x
I , t)
=
φIB,2(x
I , t)
φI3(x
I , t)
. (77)
b. Example In this paper, we focus on a particular type of 3-level composite knot-
crystal with (N = 4, M = 3).
z3(~x, t) is σz-type Kelvin wave. The spin network state is
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (78)〈
σY ⊗~1
〉
= ~nYσ = (1, 0, 0),〈
σZ ⊗~1
〉
= ~nZσ = (1, 0, 0).
Z2(~x, t) becomes an SOC knot-crystal with leapfrogging motion, i.e.,
Z2(~x, t) =

 z2,A(~x, t)
z2,B(~x, t)

 . (79)
The tensor network states of Z2(~x, t) are
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (80)〈
σY ⊗~1
〉
= ~nYσ = (0, 1, 0),〈
σZ ⊗~1
〉
= ~nZσ = (0, 0, 1).
Z′A,1(~x, t) and Z
′
B,1(~x, t) are SOC knot-crystal with leapfrogging motion. The tensor states
are also
〈
σX ⊗~1
〉
= ~nXσ = (1, 0, 0), (81)〈
σY ⊗~1
〉
= ~nYσ = (1, 0, 0),〈
σZ ⊗~1
〉
= ~nZσ = (1, 0, 0).
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W-type zero
T-type zero
FIG. 6: An illustration of a W-type zero from W-type projection and a T-type zero from T-type
projection
The hierarchy number between level-1 and level-2 ∆(1,2) is considered to be a positive integer
number n (for example, n = 3). The hierarchy series ∆(2,3) is considered to be a very large
number, but not necessary an integer number, i.e., ∆(2,3) ≫ ∆(1,2).
For the 3-level composite knot-crystal with (N = 4,M = 3), there exists complex twist-
writhe locking condition. One can use the above approach to discuss the twist-writhe locking
condition for an 3-level composite knot-crystal with (N = 4, M = 3).
IV. ZERO-LATTICE AND ZEROES
A. Projection of vortex-membranes
There are two types projections on vortex-membranes: the projection for single vortex-
membrane and that for entangled vortex-membranes. We call the projection for single
vortex-membrane W-type projection and that for entangled vortex-membranes T-type pro-
jection. See the illustration in Fig.6.
1. Projection for single vortex-membrane
Firstly, we discuss the projection for single vortex-membrane, of which the function is
z(~x, t) = ξ(~x, t) + iη(~x, t). (82)
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To locally characterize the windings of a helical vortex-membrane, we define the projec-
tion via a projection angle θ on {ξ(~x, t), η(~x, t)} by Pˆθ

 ξ(~x, t)
η(~x, t)

 =

 ξθ(~x, t)
[ηθ(~x, t)]0

 where
ξθ(~x, t) = ξ(~x, t) sin θ − η(~x, t) cos θ is variable and [ηθ(~x, t)]0 = ξ(~x, t) cos θ + η(~x, t) sin θ is
constant. Thus, the projected helical vortex-membrane is described by the function ξ(~x, t).
A crossing between a helical vortex-membrane and a straight one (z(~x, t) = 0) in its center
corresponds to a solution of the equation
Pˆθ[z(~x, t)] = 0, (83)
that is ξ(~x, t) = 0. We call the equation zero equation and its solution zero solution.
2. Projection for entangled vortex-membranes
Next, we discuss the projection for entangled vortex-membranes. For two entangled
vortex-membranes described by zA/B(~x, t) = ξA/B(~x, t) + iηA/B(~x, t), the projection along a
given direction θ in 5D space is defined by
Pˆθ

 ξA/B(~x, t)
ηA/B(~x, t)

 =

 ξA/B,θ(~x, t)[
ηA/B,θ(~x, t)
]
0

 (84)
where ξA/B,θ(~x, t) = ξA/B(~x, t) cos θ + ηA/B(~x, t) sin θ is variable and
[
ηA/B,θ(~x, t)
]
0
=
ξA/B(~x, t) sin θ− ηA/B(~x, t) cos θ is constant. So the projected vortex-membrane is described
by the function ξA/B,θ(~x, t). For two projected vortex-membranes described by ξA,θ(~x, t) and
ξB,θ(~x, t), a zero is solution of the equation
Pˆθ[zA(~x, t)] ≡ ξA,θ(~x, t) (85)
= Pˆθ[zB(~x, t)] ≡ ξB,θ(~x, t).
B. Zero-lattice
We then introduce two types of zero-lattices by the two types of projections.
1. W-type zero-lattice from W-type projection on a helical vortex-membrane
Firstly, we consider the zero-lattice fromW-type projection on a helical vortex-membrane.
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The function of a 1D helical vortex-line in a 3D fluid is
z(x, t) = ξ(x, t) + iη(x, t) = r0e
±ik0·x−iω0t+iφ0 (86)
where r0 is the winding radius of vortex-line that is set be constant, k0 =
π
a
> 0 and a is a
fixed length that denotes the half pitch of the windings. φ0 is a constant angle. ± denotes two
possible chiralities: left-hand with clockwise winding, or right-hand with counterclockwise
winding.
For a helical vortex-line, from the zero solution ξ(x, t) = 0, we get the zero solutions to
be ±x¯(t) = a · X − a
π
ω0t where X is an integer along x-direction and θ = −π2 + φ0. From
the projection of a helical vortex-membrane, we have a crystal of crossings. Because the
winding-number of helical vortex-line is half of crossing number, each crossing corresponds
to a piece of helical vortex-line with half winding-number. We call the object with half
winding-number a knot. As a result, the system can be regarded as a crystal of knots. It is
obvious that the global rotation doesn’t change the winding-number density. For a helical
vortex-membrane with ω0 6= 0, we have a finite velocity of the system, aπω0.
For an arbitrary 1D Kelvin wave with different spin states, the zero solution doesn’t
change i.e.,
〈
σZ
〉
= ~nZσ = (0, 0, 1)→ ~nσ = (nx, ny, nx) with |~nσ| = 1[13].
Therefore, in the following parts, we call the crystal with discrete lattice sites described
by the integer numbers X to be ”zero-lattice”[17].
For an 3D SOC Kelvin wave of single vortex-membrane, we can use similar W-type
projection to obtain a 3D W-type zero-lattice.
2. T-type zero-lattice from T-type projection on two entangled vortex-membranes
For two entangled vortex-membranes, there exists leapfrogging motion. So we call it
leapfrogging knot-crystal. A leapfrogging knot-crystal (two entangled vortex-membranes) is
described by
ZKC(~x, t) =

 zA(~x, t)
zB(~x, t)

 =

 rA
rB

 ei~k·~x−iω0t+iω∗t/2, (87)
where rA = r0 cos(
ω∗t
2
) and rB = −r0i sin(ω∗t2 ). According to the knot-equation Pˆθ[zA(~x)] =
Pˆθ[zB(~x)], we have
x¯IF,0 = a ·XI +
a
π
ω0t (88)
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where x¯IF,0 = ~x · ~eI is the coordination on the axis along a given direction ~eI and XI is an
integer number. As a result, we also have a periodic distribution of zeroes (knots) that is a
T-type zero-lattice.
3. Generalized spatial translation symmetry for zero-lattices
For both types of zero-lattice, owing to the generalized spatial translation symmetry
for the vortex-membranes there exist corresponding generalized spatial translation symme-
tries. For example, for a helical vortex-membrane, by doing a spatial translation operation
T (∆x) = ei∆x·kˆI , we have
z(~x, t) −→ z(~x+∆~x, t)
= e±i(
~k·∆~x)(~x, t). (89)
Under the spatial transformation, the zero-lattices shift, i.e.,
x¯I(t)→ (x¯I(t))′ = x¯I(t) + ∆xI (90)
= a ·XI − a
π
ω0t +∆x
I .
However after changing the projection angle, θ→ θ + π
a
∆xI , the zero-lattice is invariant,
x¯I(t)→ (x¯I(t))′ = x¯I(t). (91)
Therefore, for the zero-lattices, the generalized spatial translation operation is also a com-
bination of a continuum spatial translation operation and a global phase rotation operation.
C. Zeroes and knots
From the point view of ”information”, each zero becomes the element of a zero-lattice.
Thus, the information of vortex-membranes is characterized by the distribution of zeroes.
For the case of an extra zero, we have a knot; for the case of missing zero, we have an
anti-knot. According to the existence of two types of zero-lattices, there are two types of
zeroes: W-type zero and T-type zero. Obviously, a W-type zero is an element object of
W-type zero-lattice and a T-type zero is an element object of T-type zero-lattice.
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T-type knot
W-type knot
(d)(c)
a a
(b)(a)
x
r
x
r0
FIG. 7: (a) The phase angle of a knot ; (b) The radius of a knot; (c) A illustration of a W-type
knot; (d) An illustration of a T-type knot.
1. W-type zero and W-type knot
The element of W-type zero-lattice is W-type zero that corresponds to a crossing of a
helical vortex-membrane and a straight line in its center. In the following parts, we call a
knot with half winding-number corresponding to W-type zero W-type knot.
From point view of information, a knot is an information unit with fixed geometric
properties that is always anti-phase changing along arbitrary direction ~e. When there exists
a knot, the periodic boundary condition of Kelvin waves along arbitrary direction is changed
into anti-periodic boundary condition. Based on the projected vortex-membranes, we define
a knot by a monotonic function Fθ(x) = ξθ(x) with
sgn [Fθ(x→ −∞) · Fθ(x→∞)] = −1 (92)
where x denotes the position along the given direction ~e. So the sign-switching character
can be labeled by winding number w1D. The winding number w1D for a knot along given
direction is ±1
2
. On the other hand, from the topological character of a knot, there must
exist a point, each knot corresponds to a zero between two vortex-membranes along the
given direction.
The inset in Fig.7 is an illustration of a 1D unified W-type knot. Its function is given by
z(x) = r(x)eiφ(x) (93)
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where
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)


(94)
and
φ(x) =


φ0 ∓ π2 , x ∈ (−∞, x0]
φ0 ∓ π2 ± k0(x− x0), x ∈ (x0, x0 + a]
φ0 ± π2 , x ∈ (x0 + a,∞)


(95)
where + denotes a clockwise winding and − denotes a counterclockwise winding. There
is a linear relationship between φ(x) and x as φ(x) ∝ x − x0 in the winding region of
x0 < x ≤ x0 + a. Thus, we obtain an anti-periodic boundary condition for the system,
φ(x→∞)− φ(x→ −∞) = ±π. (96)
Under projection, we have the knot equation as
x− x0 = (±π
2
± π
2
+ θ − φ0)/k0. (97)
In Fig.7(a), the relation between the phase and the coordination of a unified W-type knot
is shown. It is obvious that there always exists a single knot solution for a unified W-type
knot.
2. T-type zero and T-type knot
The element of the projected two entangled vortex-membranes is T-type zero that corre-
sponds to a crossing of the two projected vortex-membranes. In the following parts, we call
a knot with half twisting-number corresponding to T-type zero T-type knot.
Based on the projected vortex-membranes, we define a knot by a monotonic function
Fθ(x) = ξA,θ(x)− ξB,θ(x) with
sgn [Fθ(x→ −∞) · Fθ(x→∞)] = −1 (98)
where x denotes the position along the given direction ~e. From the topological character
of a knot, each knot corresponds to a zero between two vortex-membranes along the given
direction. See the illustration in Fig.7(d).
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A knot (a zero) has four degrees of freedom: two spin degrees of freedom ↑ or ↓ from the
helicity degrees of freedom, the other two vortex degrees of freedom from the vortex degrees
of freedom that characterize the vortex-membranes, A or B. For example, for an up-spin knot
on vortex-membrane-A, the function is defined by zknot,↑,A(x, t) = r↑,A(x) exp[iφknot,↑,A(x, t)]
where
φknot,↑,A(x) =


−φ0 + π2 , x ∈ (−∞, x0]
−φ0 + π2 + k0(x− x0), x ∈ (x0, x0 + a]
−φ0 − π2 , x ∈ (x0 + a,∞)


(99)
and
r↑,A(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)


(100)
where x = ~x ·~e is the coordination on the axis along a given direction ~e and φ0 is an arbitrary
constant angle, k0 =
π
a
.
D. Examples:
1. 2-level composite knot-crystal with (N = 2, M = 2)
For 2-level composite knot-crystal with (N = 2, M = 2), the function of the centre-
membranes of vortex-membrane-A and vortex-membrane-B, z2(~x, t); the function of the
vortex-membrane-A is zA,1(~x, t) and the function of the vortex-membrane-B is zB,1(~x, t).
The level-2 W-type zero-lattice of the composite winding knot-crystal with (N = 2,
M = 2) is obtained by level-2 W-type projection of centre-membranes of vortex-membrane-
A and vortex-membrane-B, i.e.,
Pˆθ2 [z2(~x, t)] = 0, (101)
that is ξ2(~x, t) = 0. The solution of zero-lattice is given by x¯
I(t) = a2 ·XI − a2π ω0t where XI
is an integer along xI -direction and θ2 = −π2 + φ2,0. a2 is a fixed length that denotes the
half pitch of the windings of z2(~x, t).
The level-1 T-type zero-lattice of the 2-level composite knot-crystal with (N = 2,M = 2)
is obtained by level-1 T-type projection of vortex-membrane-A and vortex-membrane-B, i.e.,
Pˆθ1[zA,1(~x, t)] = Pˆθ2 [zB,1(~x, t)], (102)
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that is ξA,1(~x, t) = ξB,1(~x, t).
In particular, there exists an intrinsic relationship between the number of T-type zeroes
and level-2 W-type zeroes,
ζI(A,B),1D =W
I
(A,B),1D + T
I
(A,B),1D ≡ const, (I = x, y, z) (103)
where ζI(A,B),1D, W
I
(A,B),1D, and T
I
(A,B),1D are linking number, writhe number, and twist num-
ber, respectively. Here, the number of level-1 T-type zeroes and level-2 W-type zeroes
are equal to be the writhe number W I(A,B),1D and the twist number T
I
(A,B),1D, respectively.
Because the sum of the number of level-2 T-type zeroes and level-1 W-type zeroes is invari-
ant, when one winds two entangled vortex-membranes (a 1-level knot-crystal with (N = 2,
M = 1)) into a 2-level composite knot-crystal with (N = 2,M = 2), some level-1 T-type of
zeroes are replaced by level-2 W-type zeroes. We call it substitution effect of level-1 T-type
of zeroes by level-2 W-type zeroes.
2. 2-level composite knot-crystal with (N = 4, M = 2)
For 2-level composite knot-crystal with (N = 4, M = 2), the functions Z2(~x, t) =
 zA,2(~x, t)
zB,2(~x, t)

 are described by another knot-crystal that characterizes the centre-membrane
of A-knot-crystal by zA,2(~x, t) and that of B-knot-crystal by zB,2(~x, t), respectively. The A-
knot-crystal (the entangled vortex-membranes A1, A2) around the zA,2(~x, t) is described
by
Z′A,1(~x, t) =

 zA1,1(~x, t)
zA2,1(~x, t)

 =


∏
I
zA1,1(φ
I
A1,1
(φIA1,2(x
I)), t)
∏
I
zA2,1(φ
I
A2,1
(φIA1,2(x
I)), t)

 (104)
and B-knot-crystal (the entangled vortex-membranes B1, B2) around zB,2(~x, t) is described
by
Z′B,1(~x, t) =

 zB1,1(~x, t)
zB2,1(~x, t)

 =


∏
I
zB1,1(φ
I
B1,1
(φIB1,2(x
I)), t)
∏
I
zB2,1(φ
I
B2,1
(φIB1,2(x
I)), t)

 . (105)
After projection, there are five zero-lattices: level-2 W-type zero-lattice for A-knot-
crystal, level-2 W-type zero-lattice for B-knot-crystal, level-2 T-type zero-lattice between
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A-knot-crystal and B-knot-crystal, level-1 T-type zero-lattice between two entangled vortex-
membrane-A1, A2 for A-knot-crystal, level-1 T-type zero-lattice between two entangled
vortex-membrane-B1, B2 for B-knot-crystal.
The level-2 W-type zero-lattice for A-knot-crystal is obtained by level-2 W-type projection
of vortex-membrane-A, i.e.,
Pˆθ2 [zA,2(~x, t)] = 0, (106)
that is ξA,2(~x, t) = 0. The solution of the zero-lattice is obtained as
x¯I2W,A,0 = a2 ·XI +
na2
π
ω0t+ φ2W,A,0 (107)
where XI is an integer number along xI-direction. φ2W,A,0 is a constant phase angle and a2
is a fixed length that denotes the half pitch of the half windings of zA,2(~x, t).
The level-2 W-type zero-lattice for B-knot-crystal is obtained by level-2 W-type projection
of vortex-membrane-B, i.e.,
Pˆθ2[zB,2(~x, t)] = 0, (108)
that is ξB,2(~x, t) = 0. The solution of the zero-lattice is obtained as
x¯I2W,B,0 = a2 ·XI +
na2
π
ω0t+ φ2W,B,0 (109)
where XI is an integer number along xI -direction. φ2W,B,0 is a constant phase angle and a2
is a fixed length that denotes the half pitch of the windings of zB,2(~x, t).
The level-2 T-type zero-lattice is obtained by level-2 T-type projection between A-knot-
crystal and B-knot-crystal, i.e.,
Pˆθ2 [zA,2(~x, t)] = Pˆθ[zB,2(~x, t)], (110)
that is ξA,2(~x, t) = ξB,2(~x, t). The solution of the zero-lattice is obtained as
x¯I2T,0 = a2 ·XI +
na2
π
ω0t+ φ2T,0 (111)
where XI is an integer number along xI-direction. φ2T,0 is a constant phase angle and a2 is
a fixed length that denotes the half pitch of the twistings of zA/B,2(~x, t).
The level-1 T-type zero-lattice between two entangled vortex-membrane-A1, A2 for A-
knot-crystal is obtained by level-1 T-type projection of A-knot-crystal,
Pˆθ1 [zA1,1(~x, t)] = Pˆθ[zA2,1(~x, t)], (112)
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i.e.,that is ξA1,1(~x, t) = ξA2,1(~x, t). The solution of the zero-lattice is obtained as
x¯I1T,A,0 = a1 ·XI +
na1
π
ω0t+ φ1T,A,0 (113)
where XI is an integer number along xI-direction. φ1T,A,0 is a constant phase angle and a1
is a fixed length that denotes the half pitch of the windings of zA1,1(~x, t).
The level-1 T-type zero-lattice between two entangled vortex-membrane-B1, B2 for B-
knot-crystal is obtained by level-1 T-type projection of B-knot-crystal,
Pˆθ1 [zB1,1(~x, t)] = Pˆθ[zB2,1(~x, t)], (114)
i.e.,that is ξB1,1(~x, t) = ξB2,1(~x, t). The solution of the zero-lattice is obtained as
x¯I1T,B,0 = a1 ·XI +
na1
π
ω0t+ φ1T,B,0 (115)
where XI is an integer number along xI -direction. φ1T,B,0 is a constant phase angle and a1
is a fixed length that denotes the half pitch of the windings of zB1,1(~x, t).
In particular, there exist two intrinsic relationships between the number of T-type zeroes
and level-2 W-type zeroes. One is twist-writhe locking relation for A-knot-crystal
ζI(A1,A2),1D = W
I
(A1,A2),1D
+ T I(A1,A2),1D ≡ const, (I = x, y, z) (116)
where ζI(A1,A2),1D, W
I
(A1,A2),1D
, and T I(A1,A2),1D are linking number, writhe number, and twist
number between vortex-membranes A1, A2, respectively. Here, the number of level-1 T-type
zeroes and level-2 W-type zeroes are equal to be the writhe numberW I(A1,A2),1D and the twist
number T I(A1,A2),1D, respectively. The other is twist-writhe locking relation for B-knot-crystal
ζI(B1,B2),1D = W
I
(B1,B2),1D
+ T I(B1,B2),1D ≡ const, (I = x, y, z) (117)
where ζI(B1,B2),1D, W
I
(B1,B2),1D
, and T I(B1,B2),1D are linking number, writhe number, and twist
number between vortex-membranes B1, B2, respectively. Here, the number of level-1 T-type
zeroes and level-2 W-type zeroes are equal to be the writhe number W I(B1,B2),1D and the twist
number T I(B1,B2),1D, respectively.
3. 3-level composite knot-crystal with (N = 4, M = 3)
To generate a 3-level composite knot-crystal with (N = 4, M = 3), we symmetrically
wind a 2-level double-helix knot-crystal with (N = 4, M = 3) along different spatial
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directions. As a result, there exists an additional W-type zero-lattice by W-type projection
on the center membrane of A-knot-crystal and B-knot-crystal – the level-3 W-type zero-
lattice. We use z3(~x, t) to denote the centre-membranes of A-knot-crystal and B-knot-crystal.
So the level-3 W-type zero-lattice of the 3-level composite knot-crystal with (N = 4,
M = 3) is obtained by level-3 W-type projection of centre-membranes of z3(~x, t), i.e.,
Pˆθ3 [z3(~x, t)] = 0, (118)
that is ξ3(~x, t) = 0. The solution of zero-lattice is given by
x¯I3W,0(t) = a3 ·XI −
a3
π
ω0t+ φ3W,0 (119)
where XI is an integer along xI -direction and θ3 = −π2 + φ3W,0. φ3W,0 is a constant phase
angle and a3 is a fixed length that denotes the half pitch of the windings of z3(~x, t).
Owing to the existence the additional level-3 W-type zero-lattice, there exists an addi-
tional intrinsic relationship between the number of level-2 T-type zeroes and level-3 W-type
zeroes,
ζI(A,B),1D =W
I
(A,B),1D + T
I
(A,B),1D ≡ const, (I = x, y, z) (120)
where ζI(A,B),1D, W
I
(A,B),1D, and T
I
(A,B),1D are linking number, writhe number, and twist num-
ber, respectively. Here, the number of level-2 T-type zeroes and level-3 W-type zeroes are
equal to be the writhe number W I(A,B),1D and the twist number T
I
(A,B),1D, respectively. Be-
cause the sum of the number of level-2 T-type zeroes and level-3 W-type zeroes is invariant,
when one winds two entangled vortex-membrane (a 2-level double-helix knot-crystal with
(N = 4, M = 3)) into a 3-level winding knot-crystal with (N = 4, M = 3), some level-2
T-type of zeroes are replaced by level-3 W-type zeroes. this is the substitution effect of
level-2 T-type of zeroes by level-3 W-type zeroes.
V. EMERGENT QUANTUM FIELD THEORY FOR 1-LEVEL KNOT-CRYSTAL
WITH (N = 1, M = 1)
From the above discussion, the winding-number density becomes a physical quantity to
characterize local windings of a helical vortex-membrane (1-level knot-crystal with (N = 1,
M = 1)) and the element of the projected helical vortex-membrane is knot with half winding-
number that corresponds to a crossing of a helical vortex-membrane and a straight line in
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its center. We then discuss the local fluctuations of a perturbative helical vortex-membrane
with an extra knot and develop a theory to characterize its dynamics.
A. Knot
A knot of 1-level knot-crystal with (N = 1, M = 1) is an anti-phase changing along
arbitrary direction ~e. As a result, there exists a point, each knot corresponds to a zero
between two vortex-membranes.
A W-type knot with a W-type zero is a half-winding of 1-level knot-crystal with (N = 1,
M = 1). Fig.7(c) is an example of a W-type knot. We then introduce the operation for the
1D W-type knot
Uˆ(φ(x)) = ˆ̥ knot(r0) exp[iφ(x) · Kˆ] (121)
on a constant complex field z0 = 0 (we use [0] to denote the flat vortex-line) to generate a
single W-type knot, i.e.,
Uˆ(φ(x)) · [0] = z(x) = r(x)eiφ(x). (122)
ˆ̥ knot(r0) is an expanding operator by shifting 0 to r0 in the winding region of a knot (for
example, x ∈ (x0, x0 + a]). Here Kˆ = −i ddφ is knot number operator and
r(x)→


0, x ∈ (−∞, x0]
r0, x ∈ (x0, x0 + a]
0, x ∈ (x0 + a,∞)


(123)
and
φ(x) =


φ0 ∓ π2 , x ∈ (−∞, x0]
φ0 ∓ π2 ± k0(x− x0), x ∈ (x0, x0 + a]
φ0 ± π2 , x ∈ (x0 + a,∞)


(124)
where + denotes a clockwise winding and − denotes a counterclockwise winding. In Fig.7(a),
the relation between the phase and the coordination of a 1D unified W-type knot is shown.
It is obvious that there always exists a single knot solution for a unified W-type knot.
The knot number for 1D W-type knot can be obtained by the following equation
〈
Kˆ
〉
=
1
π |z0|2
∫
z∗(φ(x)) · Kˆ · z(φ(x))dφ (125)
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where z∗(x) is a complex conjugation of z(x). In physics,
〈
Kˆ
〉
measures the total phase
changing for a knot with half winding-number that can be regarded as an anti-phase domain
wall along given direction in a 1D complex field z(x), i.e.,
〈
Kˆ
〉
= 1. The knot density (the
density of crossings) and the density of winding-numbers are defined by ρIknot =
〈
Kˆ
∆x
〉
and
ρwind = 2ρknot =
〈
2Kˆ
∆x
〉
, respectively.
We call the extended object unified W-type knot. The definition can be generalized
to d-dimensional W-type knot. The knot number for d-dimensional W-type knot along
xI-direction can be obtained by the following equation
〈
KˆI
〉
=
1
π |z0|2
∫
z∗(φ(xI)) · Kˆ · z(φ(xI))dφI . (126)
In physics,
〈
KˆI
〉
measures the total phase changing for a knot with half winding-number
that can be regarded as an anti-phase domain wall along given direction in a 1D complex
field z(xI), i.e.,
〈
KˆI
〉
= 1. The knot density (the density of crossings) and the density of
winding-numbers are defined by ρIknot =
〈
KˆI
∆xI
〉
and ρIwind = 2ρ
I
knot =
〈
2KˆI
∆xI
〉
, respectively.
The total density of a knot is defined by
ρknot(~x, t) =
∏
I
ρIknot(x
I , t). (127)
a. Fragmentized W-type knot However, because W-type knot comes from the winding
of a helical vortex-membrane, it is not a rigid object. Instead, it can split and be fragmen-
tized. We then introduce the concept of ”fragmentized W-type knot” by breaking a W-type
knot into N pieces (N →∞), each of which is an identical 1
N
-knot with π
N
phase-changing.
The function of Kelvin wave with a fragmentized W-type knot (a composite object of N
identical 1
N
-knot) is
[z(φ)]fragment,N =
N∏
i=1
Uˆ(∆φ =
π
N
, (x0)i)z0 (128)
where N identical 1
N
-knots are at (x0)1 , (x0)2 ,..., (x0)N . For each
1
N
-knot, the knot number〈
Kˆ
〉
is 1
N
and the corresponding phase changing is ∆φ = π
N
. Thus, for a fragmentized knot,
there also exists only a single knot solution and the knot number is conserved. At the limit
of N →∞, we have a uniform distribution of the N identical 1
N
-knots.
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B. Emergent quantum mechanics
Knots can be regarded as quantum particles that obey emergent quantum mechanics and
that the distribution of fragmentized knots is determined by Schro¨dinger equation.
The function of the Kelvin wave with a fragmentized knot describes the distribution of the
N identical 1
N
-knots and plays the role of the wave function in emergent quantum mechanics
as
[z(φ)]fragment
|z0| =
√
Ω(~x, t)ei∆φ(~x,t) ⇐⇒ ψ(~x, t), (129)
and Ω(~x, t) = ρknot(~x, t) ⇐⇒ nknot(~x, t) where the function of the Kelvin wave with a
fragmentized knot
[z(φ)]fragment
|z0| becomes the wave function ψ(~x, t) in emergent quantum me-
chanics; the angle ∆φ(~x, t) becomes the quantum phase angle of the wave function; Ω(~x, t)
is equal to the knot density ρknot and thus becomes the probability density for finding a knot
nknot(~x). The geometrical Kelvin waves turn into ”probability wave” for finding knots and
the functions of Kelvin waves become the wave functions.
In emergent quantum mechanics, the projected energy and the projected momentum
become operators for a fragmentized knot.
The projected momentum of a fragmentized knot on helical vortex-membrane with an
excited Kelvin wave ψ(~x, t) = 1√
V
e−i∆ωt+i∆~k·~x is defined to be
pknot = ~eff∆k (130)
where the effective Planck constant ~eff is obtained as the projected angular momentum of
a knot
~eff = Jknot =
1
2
ρ0κVP r
2
0. (131)
Given the superposition principle of Kelvin waves, a generalized wave function is ψ(~x, t) =∑
p
cp exp(
−iEknott+i~pknot·~x
ℏeff
). For an arbitrary wave function ψ(~x, t), we have 〈~pknot〉 =∫
~pknotΩ(~x)dx =
∫
ψ∗(~x, t)(i~eff dd~x)ψ(~x, t)dV. This result indicates that the projected mo-
mentum for a fragmentized knot becomes operator ~pknot → pˆknot = −i~eff dd~x . For a plane
Kelvin wave ψ(~x, t) = 1√
V
e−i∆ωt+i∆~k·~x, the projected energy of a fragmentized knot is
Eknot = Jknot∆ω = ~eff∆ω. (132)
Using a similar approach, one can see that the projected energy for a fragmentized knot
becomes operator Eknot → Hˆknot = i~eff ddt .
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C. Quantum Fermionic lattice model for knots
Because the knots on 1-level knot-crystal with (N = 1, M = 1) has only one chirality
(we assume right-hand chirality), the effective quantum model is that of Weyl fermions[18].
First, we discuss the statistics of a knot. In quantum mechanics, particles with wave
functions antisymmetric under exchange are called Fermions. To illustrate the Fermi
statistics of knots, we define the Fermionic operator for knots with right-hand chirality
as c†(~x) = Uˆ(φ(~x)). It is obvious that the wave function’s antisymmetry by exchanging two
knots is a result of the π-phase changing nature of knots, i.e.,
Uˆ(φ′(~x′)) · Uˆ(φ(~x)) = −Uˆ(φ(~x)) · Uˆ(φ′(~x′)). (133)
As a result, knots obey Fermi statistics, {c†(~x), c†(~x′)} = 0.
Next, we derive the effective quantum field theory for Weyl fermions. A knot has two
spin degrees of freedom ↑ or ↓ from the helicity degrees of freedom. The basis to define the
microscopic structure of a knot is given by |↑〉 , |↓〉 . We define operator of knot states by
the region of the phase angle of a knot: for the case of φ0mod(2π) ∈ (−π, 0], we have c† |0〉;
For the case of φ0mod(2π) ∈ (0, π], we have (c† |0〉)†.
To characterize the energy cost from global winding, we use an effective Hamiltonian to
describe the coupling between 2-knot states along xI-direction on 3D SOC knot-crystal
Jc†iT
Ici+eI (134)
with the annihilation operator of knots at the site i, ci =

 c↑,i
c↓,i

. J is the coupling constant
between two nearest-neighbor knots. According to the generalized translation symmetry, the
transfer matrices T I along xI-direction are defined by
T I = eia(kˆ
I ·σI ) (135)
Then, we get the total kinetic term as
J
∑
〈i,j〉
c†iT
Ici+eI + h.c. (136)
where 〈i, j〉 denotes the nearest-neighbor knots. Fig.8(a) is an illustration of entanglement
pattern of a 2D SOC knot-crystal with (N = 1, M = 1) and Fig.8(d) is an illustration of a
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FIG. 8: (a) An illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 1,M = 1).
Each circle denotes a zero; (b) An illustration of entanglement matrix along x-direction; (c) An
illustration of entanglement matrix along y-direction; (d) (b) An illustration of knot changing
entanglement along x and y directions.
knot that changes entanglement along x and y directions. In Fig.8(a), each circle denotes a
zero.
We then use path-integral formulation to characterize the effective Hamiltonian for a
knot-crystal as ∫
Dψ†(t, ~x)Dψ(t)eiS/~ (137)
where S = ∫ Ldt and L = i∑
i
ψ†i∂tψi −Hcoupling. To describe the knot states on 3D knot-
crystal, we have introduced a two-component fermion field as ψ(t, ~x) =

 ψ↑(t, ~x)
ψ↓(t, ~x)

 where
↑, ↓ label two spin degrees of freedom that denote the two possible winding directions along
a given direction ~e.
In continuum limit, we have
Hcoupling = 2aJ
∑
k
ψ†k[σx cos kx + σy cos ky + σz cos kz]ψk (138)
where the dispersion of knots is
EA/B,k ≃ ceff [(~k − ~k0) · ~σ], (139)
where ~k0 = (
π
2
, π
2
, π
2
) and ceff = 2aJ is the velocity. In the following part we ignore ~k0.
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From above equation, in the limit
∣∣∣~k
∣∣∣→ 0 we derive low energy effective Hamiltonian as
H3D ≃ 2aJ
∑
k
ψ†k(~σ · ~k)ψk (140)
= ceff
∫
ψ†(~σ · kˆ)ψd3x. (141)
We then re-write the effective Hamiltonian to be
H3D =
∫
(ψ†Hˆ3Dψ)d3x (142)
and
Hˆ3D = ceff~σ · ~pknot (143)
where ~p = ~knot~k is the momentum operator. ceff play the role of light speed where a is a
fixed length that denotes the half pitch of the windings on the knot-crystal.
The Schro¨dinger equation for knot becomes
i~eff
dψ(~x, t)
dt
= Hˆ3Dψ(~x, t). (144)
With help of Schro¨dinger equation, we can predict the spacial distribution of fragmentized 1
N
-
knots by varying the rotating velocity, ω0 → ω0+∆ω. In the following parts, we set ~knot = 1
and ceff = 1.
VI. EMERGENT QUANTUM FIELD THEORY FOR 1-LEVEL
KNOT-CRYSTAL WITH (N = 2, M = 1)
The dynamic of T-type knot on a 1-level SOC knot-crystal with (N = 2, M = 1) has
been developed in Ref.[13]. In Ref.[13], the low energy effective Hamiltonian of knot has
been obtained as
H3D =
∫
(Ψ†Hˆ3DΨ)d3x (145)
and
Hˆ3D = ceff~Γ · ~pknot +mknotc2effΓ5 (146)
where
Γ5 = τx ⊗~1, Γ1 = τ z ⊗ σx, (147)
Γ2 = τ z ⊗ σy, Γ3 = τ z ⊗ σz.
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~p = ~knot~k is the momentum operator. Ψ
† = (ψ∗A,↑, ψB,↑, ψ
∗
A,↓, ψB,↓) is the annihilation
operator of four-component fermions. mknotc
2
eff = 2~knotω
∗ plays role of the mass of knots.
In the following parts, we set ~knot = 1 and ceff = 1.
The low energy effective Lagrangian of 3D SOC knot-crystal is
L3D = iΨ†∂tΨ−H3D (148)
= Ψ¯(iγµ∂ˆµ −mknot)Ψ
where Ψ¯ = Ψ†γ0, γµ are the reduced Gamma matrices,
γ1 = γ0Γ1, γ2 = γ0Γ2, γ3 = γ0Γ3, (149)
and
γ0 = Γ5 = τx ⊗~1, (150)
γ5 = iγ0γ1γ2γ3.
VII. EMERGENT QUANTUM FIELD THEORY FOR 2-LEVEL
KNOT-CRYSTAL WITH (N = 2, M = 2)
For 2-level winding knot-crystal with (N = 2, M = 2), there are two types of zero-
lattices: level-2 W-type zero-lattice and level-1 T-type zero-lattice. There are two types
of zeroes or knots: level-2 W-type zero (knot) and level-1 T-type zero (knot) In principle,
the level-2 W-type knot becomes Weyl fermion and the level-1 T-type knot becomes Dirac
fermion. In addition, we will show that the two types of knots are coupled by SUweak(2)
gauge field.
Due to the writhe-twist locking condition, there exists an intrinsic relationship between
the number of T-type zeroes and level-2 W-type zeroes,
ζI(A,B),1D =W
I
(A,B),1D + T
I
(A,B),1D ≡ const, (I = x, y, z) (151)
where ζI(A,B),1D, W
I
(A,B),1D, and T
I
(A,B),1D are linking number, writhe number (the number of
level-1 W-type zeroes), and twist number (the number of level-2 W-type zeroes), respectively.
So, the topological invariable of level-2 W-type knot and that of level-1 T-type knot are same
– the linking number between two vortex-membranes. According to the substitution effect of
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level-1 T-type of zeroes by level-2 W-type zeroes, the properties of W-type knot and those
of left-hand T-type knot are same. This symmetry is characterized by SUweak(2) gauge
symmetry – an SU(2) gauge symmetry between Weyl fermions and Dirac fermions.
A. Knots on 2-level knot-crystal with (N = 2, M = 2)
In this paper, we only consider the knot dynamics in the limit of ∆{1,2} = a2a1 ≫ 1. Now,
owing to the existence of two types zeroes (the level-2 W-type zeroes and the level-1 T-type
zeroes), there exist two types of knots: the level-2 W-type knots and the level-1 T-type
knots. So, a knot is defined by changing half linking number, i.e.,
∆ζI(A,B),1D = ±
1
2
. (152)
For a level-2 W-type knot, the changing of half writhe number leads to the changing half
linking number, i.e.,
∆ζI(A,B),1D = ∆W
I
(A,B),1D = ±
1
2
; (153)
For a level-1 T-type knot, the changing of half twist number leads to the changing half
linking number, i.e.,
∆ζI(A,B),1D = T
I
(A,B),1D = ±
1
2
. (154)
According to the substitution effect of level-1 T-type of zeroes by level-2 W-type zeroes, the
property of the level-2 W-type knots is same to that of level-1 T-type knots.
B. Low energy effective model for two types of knots
Firstly, we consider the low energy effective model for level-1 T-type knots.
Fig.9(a) is an illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 2,
M = 2). Each circle denotes a level-2 W-type zero. The number of dotted lines that connect
the two circles is considered to a very larger number (here the number is 6). Fig.9(b) is an
illustration of level-2 W-type knot and Fig.9(c) is an illustration of level-1 T-type knot.
In the limit of ∆{1,2} = a2a1 ≫ 1, the winding angles for z2(~x, t) become dynamic coordinate.
Along a given direction ~e, the unit cell of the level-1 T-type knots turns into a2. The position
is determined by two kinds of values: ~X are numbers of zeroes for type-2 W-type zero-lattice,
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FIG. 9: (a) An illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 2,
M = 2). Each circle denotes a level-2 W-type zero. The number of dotted lines that connect the
two circles is considered to a very larger number (here the number is 6); (b) An illustration of
level-2 W-type knot; (c) An illustration of level-1 T-type knot.
i.e.,
~X = (X, Y, Z) =
1
π
~Φ2 − 1
π
~Φ2mod π (155)
and ~ϕ2 denote internal winding angles
~ϕ2 = (ϕ2,x, ϕ2,y, ϕ2,z) = ~Φ2mod π (156)
with ϕ2,x, ϕ2,y, ϕ2,z ∈ (0, π].
Therefore, on level-2 W-type zero-lattice, the effective Hamiltonian for level-1 T-type
knots turns into
Hˆ3D = ~Γ · ~pknot +mknotΓ5
= ~Γ · ~pX,knot + ~Γ · ~pϕ,knot +mknotΓ5 (157)
where ~pX =
1
a2
i d
d ~X
and ~pϕ =
1
a2
i d
d~ϕ
. Because of ϕj ∈ (0, π], quantum number of ~pϕ is angular
momentum ~Lϕ and the energy spectra are
1
a2
∣∣∣~Lϕ
∣∣∣ . If we focus on the low energy physics
E ≪ 1
a2
(or ~Lϕ = 0), we may get the low energy effective Hamiltonian as
Hˆ3D ≃ ~Γ · ~pX,knot +mknotΓ5. (158)
The low energy effective Hamiltonian for level-1 T-type knots indicates that the knot-pieces
of level-1 T-type knots have a uniform distribution inside the unit cell of level-2 W-type
zero-lattice.
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Next, we consider the low energy effective model for level-2 W-type knots.
The level-2 W-type knots change half linking number between two entangled vortex-
membranes by winding globally. However, the level-2 W-type knots on a 2-level knot-crystal
with (N = 2,M = 2) are similar to the W-type knots on a 1-level knot-crystal with (N = 1,
M = 1) and have one chirality. We may set a W-type knot to be left-hand.
As a result, in the limit of ∆{1,2} = a2a1 ≫ 1, every left-hand W-type knots can be regarded
as a replacement of a left-hand T-type knot on a uniform knot-crystal. As a result, in long-
wave length limit the left-hand W-type knot has same properties and we cannot distinguish
a left-hand W-type knot and a left-hand T-type knot. If we focus on the low energy physics
E ≪ 1
a2
(or ~Lϕ = 0), we may get the low energy effective Hamiltonian of left-hand W-type
knot as
Hˆ3D ≃ ~σ · ~pX,knot. (159)
The low energy effective Hamiltonian for level-2 W-type knots indicates that the knot-pieces
of level-2 W-type knots also have a uniform distribution inside the unit cell of level-2 W-type
zero-lattice.
Finally, the effective Lagrangian of the two types of knots becomes

 ψL2W
ψL1T,L


Lfermion(x) = ψ¯L2W( ~X)iγµ∂µψL2W( ~X)
+ ψ¯L1T( ~X)iγ
µ∂µψL1T( ~X) +mL1Tψ¯L1T( ~X)ψL1T( ~X). (160)
There is no mass term for the left-hand level-2 W-type knots, i.e., mL2W = 0.
C. SUweak(2) gauge symmetry
An SUweak(2) gauge field that couples the level-2 W-type knots and the level-1 T-type
knots characterizes the interaction by exchanging the fluctuations of linking number on
level-2 W-type zero-lattice. The non-diagonal fluctuations of SUweak(2) gauge theory come
from the density fluctuations of linking number and the diagonal fluctuations of SUweak(2)
gauge theory come from the phase fluctuations of the zeroes (T-type or W-type) inside the
unit cell of level-2 W-type zero-lattice. Fig.10 is an illustration of the theoretical structure
of emergent SUweak(2) non-Abelian gauge symmetry and non-Abelian gauge fields
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FIG. 10: An illustration of the theoretical structure of emergent SUweak(2) non-Abelian gauge
symmetry and non-Abelian gauge fields
Because in long-wave length limit the left-hand level-2 W-type knot and left-hand level-1
T-type knot have same properties, we cannot distinguish a right-hand W-type knot and a
right-hand T-type knot. In addition, a left-hand W-type knot can change into a left-hand
T-type knot, vice versa. As a result, to characterize the symmetry of the two types of knots,
a left-hand level-2 W-type knot ψL2W and a left-hand level-2 T-type knot ψL1T,L make up a
SUweak(2) spinor[20]
ψ =

 ψL2W
ψL1T,L

 . (161)
These considerations lead us to assign the left-handed components of the knots to doublets
of SUweak(2)
ψL =
1
2
(1 + γ5)

 ψL2W
ψL1T,L

 (162)
In physics, there exists mixed knot state as α(~x, t)ψL2W + β(~x, t)ψL1T,L with α
2(~x, t) +
β2(~x, t) = 1.
The right-handed components are assigned to singlets of SUweak(2) that has level-1 T-type
knot and we have
ψL1T,R =
1
2
(1− γ5)ψL1T. (163)
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As a result, we have
ψL → USUweak(2)( ~X)ψL,
ψL1T,R → ψL1T,R (164)
where USUweak(2)(
~X) = ei~τ
~θ( ~X) and ~τ is the three Pauli matrices.
So, SUweak(2) gauge symmetry comes from the local symmetry of two types of knots
in the unit cell of level-2 W-type zero-lattice. The Lagrangian density LYM(SUweak(2)) is
invariant under the gauge transformations with an x-dependent Θ. To characterize the
non-Abelian gauge symmetry, C. N. Yang and R. L. Mills in 1954 introduced “Yang-Mills
field”, Aµ(x) =
∑3
a=1A
a
µ(x)τ
a → Aaµτa, a = 1, 2, 3 that belong to the adjoint representation
of SUweak(2)[19]. In the paper of [19], neutrons and protons had been considered to the
doublets of SUweak(2). However, in this paper, a left-hand level-2 W-type knot ψL2W and a
left-hand level-2 T-type knot ψL1T,L are the doublets of SUweak(2).
The non-Abelian gauge symmetry is represented by
ψ =

 ψL2W
ψL1T,L

 (165)
→ ψ′( ~X) =

 ψ′L2W( ~X)
ψ′L1T,L(
~X)

 = USUweak(2)( ~X)

 ψL2W
ψL1T,L

 (166)
and
Wµ( ~X)→ USUweak(2)( ~X)Wµ( ~X)
(
USUweak(2)(
~X)
)−1
+
i
g
(
∂µUSUweak(2)(
~X)
)(
USUweak(2)(
~X)
)−1
. (167)
The gauge strength is defined by Wµν as
Wµν( ~X) = ∂µWv( ~X)− ∂νWµ( ~X)
− ig
[
Wµ( ~X), Wv( ~X)
]
(168)
or
Wµν( ~X) = (∂µA
a
ν(
~X)− ∂νAaµ( ~X)
+ gfabcAbµ(
~X)Acν(
~X))ta (169)
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where g is coupling constant of SUweak(2) gauge field. The Lagrangian of Yang-Mills field
can only be written as:
LYM(SUweak(2)) = −1
2
TrWµνW
µν + gTrWµj
µ
w (170)
where the weak current is
jµw − = iψ¯L1T,LγµψL2W, j
µ
w+ = iψ¯L2WγµψL1T,L. (171)
We write down the effective Lagrangian of SUweak(2) gauge theory
L = Trψ¯Liγµ(∂µ − igWµ)ψL + ψ¯Riγµ∂µψR
− Tr1
2
WµνW
µν (172)
where Wµ denotes the gauge fields associated to SUweak(2) respectively, of which the corre-
sponding field strengths areWµν . Because linking number of composite knot-crystal can only
be changed for left-hand knots, the charged W ’s couple only to the left-handed components
of the two types of knots.
D. Higgs mechanism and spontaneous symmetry breaking
In this part we focus on leapfrogging motion of the composite knot-crystal, of which the
wave functions of level-1 T-type knots become time-dependent with fixed angular velocity
ω∗
ψL1T,A( ~X, t)←→ ψ∗L1T,B( ~X, t). (173)
We then consider the fluctuating angular velocity of leapfrogging motion
ω∗ → ω( ~X, t) (174)
that plays the role of Higgs field Φ( ~X, t)[21], i.e.,
ω( ~X, t)←→ Φ( ~X, t)/2.
And the condensation of Higgs field
〈
Φ( ~X, t)
〉
6= 0 corresponds to a finite leapfrogging
angular velocity of the knot-crystal ω∗ 6= 0. It is the leapfrogging motion that gives masses
to knots. Due to chirality, without leapfrogging motion left-hand level-2 W-type knot doesn’t
obtain mass.
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We then study the properties of leapfrogging field ω( ~X, t) (that is really the Higgs field
Φ( ~X, t)/2). The effect of leapfrogging motion is to change ψL1T,L(
~X, t) (that is ψL1T,A) to
ψL1T,R( ~X, t) (that is ψ
∗
L1T,B
) and there appears an extra term in Hamiltonian as
ψ†ω( ~X, t)τxψ = ψ
†
L1T,R
ω( ~X, t)ψL1T,L. (175)
On the other hand, due to
ψL( ~X)→ USUweak(2)ψL( ~X),
ψR( ~X)→ ψR( ~X), (176)
ω( ~X, t) must be an SUweak(2) complex doublet as
ω( ~X, t) =

 φ+
φ0

 ,
ω( ~X, t)→ USUweak(2)ω( ~X, t). (177)
Next, we write down an effective Lagrangian of the leapfrogging field ω( ~X, t). Because
the leapfrogging field ω( ~X, t) is an SUweak(2) complex doublet, we get the kinetic term of
leapfrogging field ω( ~X, t) that is
|(∂µ − ig~τ
2
· ~Wµ)ω( ~X, t)|2. (178)
To obtain the finite leapfrogging angular velocity, we add a phenomenological potential term
V (ω( ~X, t)). Finally, by adding Yukawa coupling between the leapfrogging field and fermions,
the full Lagrangian of leapfrogging field ω( ~X, t) is given by
LHiggs = |(∂µ − ig~τ
2
· ~Wµ)ω( ~X, t)|2 − V (ω( ~X, t))
+ 2ψ¯ω( ~X, t)ψ + h.c.. (179)
A finite leapfrogging angular velocity is given by minimizing ω( ~X, t), of which the ex-
pected value is ω∗. Then, the weak gauge symmetry is spontaneously broken, we get a finite
leapfrogging angular velocity:
〈
ω( ~X, t)
〉
=

 0
ω∗

 + δω( ~X, t). (180)
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The finite leapfrogging angular velocity plays the role of Higgs condensation. Under Higgs
condensation, there exists Higgs mechanism. The Higgs mechanism breaks the original
gauge symmetry according to SUweak(2) → Z2. As a result, the SUweak(2) gauge fields
obtain masses from the following terms[22]
1
2
(ω∗)2g2(WµW µ). (181)
The mass for the charged vector bosons Wµ is mW = ω
∗g.
Before considering Higgs condensation or ω∗ = 0, the low energy effective Lagrangian
density is
LSM = Trψ¯Liγµ(∂µ − ig~τ
2
· ~Wµ)ψL + ψ¯Riγµ∂µψR
− Tr1
2
WµνW
µν + |(∂µ − ig~τ
2
· ~Wµ)ω|2
− V (ω) + 2ψ¯LωψR + h.c.. (182)
After considering the Higgs condensation ω∗ 6= 0, we have the low energy effective Lagrangian
as
LSM = Trψ¯Liγµ(∂µ − ig~τ
2
· ~Wµ)ψL + ψ¯Riγµ∂µψR +mT ψ¯TψT (183)
− Tr1
2
TrWµνW
µν +
1
2
(ω∗)2g2TrWµW µ + gTrWµjµw
+ |∂µω|2 +mHiggs |ω|2 + ...
A finite leapfrogging angular velocity creates a mass term for the level-1 T-type knots,
leaving the W-types massless,
mT = 2ω
∗, mW = ω∗g. (184)
In addition, the leapfrogging field also has mass mHiggs. This is an SUweak(2) gauge theory
with Higgs mechanism due to spontaneous symmetry breaking.
VIII. EMERGENT QUANTUM FIELD THEORY FOR 2-LEVEL COMPOSITE
KNOT-CRYSTAL WITH (N = 4, M = 2)
In this part, we will derive the low energy effective model for knots on the composite knot-
crystal with (N = 4, M = 2). The composite knots correspond to elementary particles in
particle physics, including electron and quarks.
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A. Composite knots – definition and classification
For 2-level composite knot-crystal with (N = 4, M = 2), there are five zero-lattices:
level-2 W-type zero-lattice for A-knot-crystal, level-2 W-type zero-lattice for B-knot-crystal,
level-2 T-type zero-lattice between A-knot-crystal and B-knot-crystal, level-1 T-type zero-
lattice between two entangled vortex-membrane-A1, A2 for A-knot-crystal, level-1 T-type
zero-lattice between two entangled vortex-membrane-B1, B2 for B-knot-crystal.
The knots for the composite knot-crystal are defined to correspond to the level-2 T-type
zeroes by level-2 T-type projection between A-knot-crystal and B-knot-crystal. The level-2
T-type knots have four degrees of freedom, two spin degrees of freedom and two vortex
degrees of freedom. For knot on a composite knot-crystal, the linking number ζI1D along
given direction is changed by ±1
2
, i.e., δζI1D = ±12 . A knot (an anti-knot) removes (or adds)
a projected zero of level-2 T-type zero-lattice that corresponds to removes (or adds) half of
”lattice unit” on the level-2 T-type zero-lattice according to ∆xi = ±a2. So the size of the
knot is
a2 · a2...a2. (185)
However, by trapping different internal zeroes, there exist different types of level-2 T-type
knots. We use the following number series to label different types of knots,
[nL2 , nL1 ] (186)
where nL2 is the half linking number of level-2 entangled knot-crystals that is equal to the
number of level-2 T-type zeroes nL2T as
nL2 = nL2T, (187)
nL1 is the half linking number of level-1 entangled vortex-membranes that is equal to the
sum of the number of level-1 T-type zeroes n2T and the number of level-2 W-type zeroes
nL2W ,
nL1 = nL1T + nL2W. (188)
For different types of knots, due to trapping half linking number of two entangled knot-
crystals, we must have
nL2T ≡ 1. (189)
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So the classification of the knot type is based on the internal half linking number nL1 (the
linking number of level-1 entangled vortex-membranes). For a 2-level composite knot-crystal
with (N = 4, M = 2) with an integer hierarchy number ∆{1,2} = n, there are n different
types of knots with [1, 0], [1, 1], ... [1, n− 1]. The composite knots with [1, n] correspond to
electrons in particle physics and the composite knots with [1, nk] (nk is an integer number,
0 < nk < n) correspond to quarks.
An object with level-2 half linking number is a knot and an object with level-1 half linking
number is an internal-knot. For a free level-2 composite knot with changing ∆nL2 = 1, the
effective Planck constant is
~L2T =
1
2
ρ0κVP r
2
2; (190)
For a free level-1 internal knot with changing ∆nL1 = 1, the effective Planck constant is
~L1T =
1
2n
ρ0κVP r
2
1. (191)
As a result, the effective Planck constant for different knots dependents on the number of
internal zeroes nk,
~[1,nk] = ~L2T − (n− nk)~L1T (192)
=
1
2
ρ0κVP r
2
2 −
(n− nk)
2n
ρ0κVP r
2
1.
In this paper, we focus on the case of weak coupling limit (r1 ≪ r2) and have
~[1,nk] ≃ ~L2T. (193)
In general, the quantum state of a composite knot with [1, ni] is denoted by
ψ†L2T,ni,τ,σ(~x, t) |vac〉 (194)
where τ = A/B labels the vortex index, σ =↑ / ↓ labels spin-degrees of freedom. A knot
with [1, ni] is a composite object with a knot and ni internal knots. Because the knot with
[1, n] corresponds to electron, its quantum state is denoted by
ψ†L2T,n,τ,σ(~x, t) |vac〉 = e†τ,σ(~x, t) |vac〉 (195)
There is n internal knots inside electron. Except for electrons, other types knots correspond
to quarks with ni internal knots, of which quantum states are denoted by
ψ†L2T,ni 6=n,τ,σ(~x, t) |vac〉 = q†τ,σ(~x, t) |vac〉 . (196)
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We then show several 2-level composite knot-crystals with (N = 4, M = 2).
For the case of n = 1, there exists one type of knot without internal additional zero
(nk = 0) that is just electron.
For the case of n = 2, except for electrons, there exists one type of quark with one internal
additional zero (or an extra internal knot), nk = nquark = 1. Due to the existence of two
”sites” inside the knots, the internal additional zero has two degenerate internal states that
are described by
ψ†L2T,ni=1,τ,σ(~x, t) |vac〉 = q†τ,σ(~x, t) = |vac〉 (197)
or 
 ψ†L2T,ni=1,1,τ,σ(~x, t) |vac〉
ψ†L2T,ni=1,2,τ,σ(~x, t) |vac〉

 =

 q1,τ,σ(~x, t) |vac〉
q2,τ,σ(~x, t) |vac〉

 . (198)
For the case of n = 3, except for electrons, there exists two types of quarks, u-quark and
d-quark. The d-quarks are composite knots with one internal additional zero (or an extra
internal knot), nk = nd−quark = 1, of which there are three degenerate states described by
ψ†L2T,ni=1,τ,σ(~x, t) |vac〉 = d†τ,σ(~x, t) = |vac〉 (199)
or 

ψ†L2T,ni=1,1,τ,σ(~x, t) |vac〉
ψ†L2T,ni=1,2,τ,σ(~x, t) |vac〉
ψ†L2T,ni=1,3,τ,σ(~x, t) |vac〉

 =


d1,τ,σ(~x, t) |vac〉
d2,τ,σ(~x, t) |vac〉
d3,τ,σ(~x, t) |vac〉

 . (200)
The three degenerate states of d-quarks are called red d-quark, blue d-quark and green d-
quark, respectively. The u-quarks are composite knots with 2 internal-zeroes (or two extra
internal knots), nk = nu−quark = 2, of which the three degenerate states are described by
ψ†L2T,ni=2,τ,σ(~x, t) |vac〉 = u†τ,σ(~x, t) = |vac〉 (201)
or 

ψ†L2T,ni=2,1,τ,σ(~x, t) |vac〉
ψ†L2T,ni=2,2,τ,σ(~x, t) |vac〉
ψ†L2T,ni=2,3,τ,σ(~x, t) |vac〉

 =


u1,τ,σ(~x, t) |vac〉
u2,τ,σ(~x, t) |vac〉
u3,τ,σ(~x, t) |vac〉

 . (202)
The three degenerate states of u-quarks are called red u-quark, blue u-quark and green
u-quark, respectively.
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B. Emergent Dirac model
In this part we discuss the emergent quantum field theory for composite knots without
taking into account the dynamics of internal zeroes. For different types of knots on 2-level
knot-crystal with (N = 4, M = 2), there also exist two types of energy costs – the kinetic
term and the mass term from leapfrogging motion. As a result, the low energy effective
model is similar to that of knot on 1-level knot-crystal with (N = 2, M = 1).
For simplicity, we take the case of n = 3 as an example. By introducing operator
representation, we use the traditional effective Hamiltonian to describe the dynamics of
composite knot-crystal as
Hˆcoupling = J
2
∑
〈ij〉
ψ†iTijψj + h.c. (203)
where Tij is translation operator from i-site to j-site,
ψ†i =


e†i
u†i
d†i

 (204)
and
u†i =


u†1,i
u†2,i
u†3,i

 , d
†
i =


d†1,i
d†2,i
d†3,i

 . (205)
The seven types of knots generated by e†i , u
†
1,i, u
†
2,i, u
†
3,i, d
†
1,i, d
†
2,i, d
†
3,i have four degrees of
freedom, two spin degrees of freedom and two vortex (or chiral) degrees of freedom.
After considering the leapfrogging motion, we write down the low energy effective La-
grangian as
L = i
∫
Ψ†∂tΨd3x− Hˆ3D (206)
where
Hˆ3D ≃
∫
Ψ†[(τz ⊗ ~σ ⊗ 1) · kˆ]Ψd3x (207)
+ 2ω∗
∫
Ψ†[τx ⊗~1⊗ 1]Ψd3x
where 1 is a 7-by-7 matrix and ~1 is 2-by-2 unit matrix.
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Finally, the Lagrangian of Dirac fermion of composite knot-crystal is derived by
Lfermion(x) = e¯iγµ∂µe+ d¯iγµ∂µd+ u¯iγµ∂µu
+mee¯e+mdd¯d+muu¯u. (208)
Due to leapfrogging process, all fermionic elementary particles have finite mass,
me = md = mu = 2ω
∗. (209)
C. Emergent U(1) gauge field
Gauge field is an important concept in physics. By understanding electromagnetism,
Maxwell introduced the concept of the electromagnetic field and believed that the propa-
gation of light required a medium for the waves, named the luminiferous aether. Quantum
gauge field theory, particular the quantum electrodynamics (QED) is an extremely success-
ful theory of electromagnetic interaction that agrees with experiments very well. The key
point of QED is the existence of U(1) gauge symmetry.
For 1-level knot-crystal with (N = 2, M = 1) and n internal knots, there are n types of
composite knots that are topological excitations in a composite knot-crystal. Except for the
topological excitations (the knots), there exist collective excitations of internal twistings –
gauge fields. The phase fluctuations of internal zero-lattice are U(1) gauge field.
1. Phase changing from writhe-twist locking condition
In this section, we study the knot dynamics and entanglement evolution of internal twist-
ing after considering the twist-writhe locking condition.
There exist two intrinsic relationships between the number of level-1 T-type zeroes and
level-2 W-type zeroes. One is twist-writhe locking relation for A-knot-crystal – the number of
level-1 T-type zeroes and level-2 W-type zeroes are equal to be the writhe numberW I(A1,A2),1D
and the twist number T I(A1,A2),1D, respectively. The other is twist-writhe locking relation for
B-knot-crystal – the number of level-1 T-type zeroes and level-2 W-type zeroes are equal to
be the writhe number W I(B1,B2),1D and the twist number T
I
(B1,B2),1D
, respectively.
Now, the knot with half-linking number on a composite knot-crystal cannot be a free
”particle”. Instead, it becomes a composite object by trapping half of writhe number (a
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level-2 W-type zero) and half of internal twist number (a level-1 T-type zero), i.e.,
δζI(A,B),1D = δW
I
(A1,A2),1D
= δT I(A1,A2),1D = ±
1
2
(210)
or
δζI(A,B),1D = δW
I
(B1,B2),1D
= δT I(B1,B2),1D = ±
1
2
. (211)
That means a knot traps half of global winding of the center-membranes and half of internal
twisting between two vortex-membranes A1, A2 or B1, B2.
According to twist-writhe locking conditions, δW I(A1A2),1D = −δT I(A1A2),1D = δW I1D,A and
δW I(B1B2),1D = δW
I
1D,B = −δT I(B1B2),1D, a global winding of A/B-knot-crystal leads to ad-
ditional internal twisting between vortex-membranes A1, A2 or vortex-membranes B1, B2.
The quantum phase angle of knot state is the phase angle of ψ(~x, t) (or the phase angle
of zA/B,2(~x, t)) are φ(~x, t) (that is φA/B,2(~x, t)); The phase angle of the internal twisting is
φA/B,1(~x, t). Under the phase transformation of knots, according to twist-writhe locking
conditions, the phase of internal twisting changes
∆φA/B,2(~x, t) + ∆φA/B,1(~x, t) = 0 (212)
or
∆φ(~x, t) + ∆φA/B,1(~x, t) = 0. (213)
2. Emergent U(1) gauge symmetry
The U(1) gauge symmetry comes from indistinguishable phase of internal twistings in-
side the composite knot. Based on the hidden information of internal twistings (or internal
knots), we show the physics picture of gauge symmetry. It is known that gauge symme-
try appears as the redundancy to define the particles. There exists redundancy to define
composite knots: the exact initial phase of an internal zero inside a composite knot is not
a physical observable value. The rule to settle down the redundancy is the rule to fix the
gauge for gauge field. The U(1) gauge symmetry indicates that we may locally reorganize
the knots by different ways and get the same result. In Fig.11, we show the theoretical
structure of emergent U(1) Abelian gauge symmetry and gauge fields.
Let us show the details. To well define a composite knot with an addition T-type zero,
we must choose a given initial phase angle of internal twistings (φA/B,1(~x, t))0 on a given
57
Emergence of U(1) Abelian
 gauge field
Emergence of U(1) Abelian
 gauge symmetry
Writhe-twist locking
 condition
Intrinsic relation
Projected phase angle  for 
internal L 1 twisting: 
Mechanism: symmatry of 
information by changing project;
Gauge symmetry group: U(1)
Projected phase angle  for 
enternal W 2 winding (phase angle 
of knot states):
Gauge symmetry group: U(1)
Intrinsic relation
Changing og internal L 1 
twisting angle, 
Changing of phase angle 
of knot states, 
Invariant from synchronously 
changing projected angle and 
twsting angle
Invariant from synchronously 
changing projected angle and 
twsting angle
FIG. 11: An illustration of the theoretical structure of emergent U(1) Abelian gauge symmetry
and gauge fields
point (~x, t). Owing to twist-writhe locking conditions, the initial phase angle of knot state
(φ(~x, t))0 =
(
φA/B,2(~x, t)
)
0
on a given point (~x, t) is chosen as (φ(~x, t))0 =
(
φA/B,2(~x, t)
)
0
=
(φA/B,1(~x, t))0 + φ0 where φ0 is constant. However, the absolute phase angle of internal
twistings is independent on the quantum phase angle of knots. For example, we can set the
initial phase angle of internal twistings to (φA/B,1(~x, t))
′
0 6= (φA/B,1(~x, t))0. Different choices
of initial phase angle of internal twistings lead to same physics result. This mechanism leads
to the existence of local U(1) gauge symmetry.
Fig.12(a) is illustration of entanglement pattern of a 2D SOC knot-crystal with (N =
4, M = 2) and ∆(1,2) = 1. Each circle denotes a level-2 W-type zero. The solid lines
denote the entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote the
entanglement pattern for level-1 T-type zero-lattice. The purple dots denote internal zeroes.
Fig.12(d) is an illustration of a knot.
According to the local U(1) gauge symmetry, the internal states of knots change as
following equation,
|ψ(~x, t)〉 → |ψ′(~x, t)〉 = UU(1) (~x, t) |ψ(~x, t)〉 . (214)
Due to the local U(1) gauge symmetry, one cannot distinguish the state |ψ(~x, t)〉 with
|ψ′(~x, t)〉 = UU(1) (~x, t) |ψ(~x, t)〉. And the two knot states |ψ(~x, t)〉 and |ψ′(~x, t)〉 =
UU(1) (~x, t) |ψ(~x, t)〉 can be same by changing the initial phase angle of internal twistings.
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FIG. 12: (a) An illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 4,
M = 2) and ∆(1,2) = 1. Each circle denotes a level-2 W-type zero. The solid lines denote the
entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote the entanglement
pattern for level-1 T-type zero-lattice. The purple dots denote internal zeroes; (b) An illustration
of entanglement matrices of level-1 and level-2 along x-direction; (c) An illustration of entanglement
matrices of level-1 and level-2 along y-direction; (d) An illustration of a knot.
3. Emergent U(1) gauge field
Due to the existence of the local U(1) gauge symmetry, there exists U(1) gauge field.
On a composite knot-crystal, the phase of knots are locked to the phase of the internal
twisting. Under a local twisting of level-1 T-type zero-lattice ∆φA/B,1(~x, t), there exists
corresponding global winding of the level-2 W-type zero-lattice
∆φ(~x, t) = ∆φA/B,2(~x, t) = −∆φA/B,1(~x, t). (215)
As a result, the phase of the knot at site ~j changes as
ψ~j → ei∆φ~jnkψ~j = e−i∆φ~j,A/B,1nkψ~j . (216)
Here, the phase changing ∆φ~j is relative to phase angle of internal twistings ∆φ~j,A/B,1.
After considering the local changing of phase angle induced by additional internal twisting
∆φ~j,A/B,1, the local coupling between two knot states changes, i.e.,
Jψ†~jT~j,~j′ψ~j′ → Jψ
†
~j
e−ink∆φ~j · T~j,~j′ · ei∆φ~j′nkψ~j′ (217)
= Jψ†~je
ink∆φ~j,A/B,1 · T~j,~j′ · e−i∆φ~j′,A/B,1nkψ~j′
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where T~j,~j′ is translation operator from
~j-site to ~j′-site. We define a vector field to charac-
terize the local additional internal twistings ∆φ~j,1,A/B,
A~j,~j′ = ∆φ~j,A/B,1 −∆φ~j′,A/B,1
= −∆φ~j +∆φ~j′. (218)
The local coupling between two knot states becomes
Jψ†~jT~j,~j′e
ie0nkA~j,~j′ψ~j′ . (219)
The total kinetic energy for knots becomes
Hˆcoupling = J
∑
〈~j,~j′〉ψ
†
~j
T~j,~j′e
ie0nkA~j,~j′ψ~j′ + h.c.. (220)
It is obvious that the vector field A~j,~j′ that characterizes the local position perturbation
of internal zero-lattice plays the role of U(1) gauge field. To illustrate the local U(1) gauge
symmetry, we do a local U(1) gauge transformation U~j,U(1) = e
i∆φ
0,~jnk via changing the
initial phase angle of internal twistings
φ0,~j,A/B,1 → ∆φ′0,~j,A/B,1 = φ0,~j,A/B,1 +∆φ0,~j,A/B,1. (221)
Under above local U(1) gauge transformation, we have
ψ~j → ψ′~j = U~j,U(1)ψ~j = e−i∆φ0,~jnkψ~j , (222)
and
e0nkA~j,~j′ → e0nkA′~j,~j′
= e0nkA~j,~j′ − nk(∆φ0,~j,A/B,1 −∆φ0,~j′,A/B,1). (223)
The total kinetic energy for knots turns into
Hˆcoupling → Hˆ′coupling = J
∑
〈~j,~j′〉ψ
′†
~j
T~j,~j′e
ie0nkA
′
~j,~j′ψ′~j′ + h.c.. (224)
According to the twist-writhe locking condition φ~j,A/B,1 = −∆φ~j , the Hamiltonian doesn’t
change,
Hˆcoupling = Hˆ′coupling. (225)
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On the other hand, the situation for tempo phase changing is similar to that for spatial
phase changing. To characterize the tempo twist-writhe locking condition, we introduce a
Lagrangian variable A0,~j to path-integral formulation as
A0,~jψ
†
~j
ψ~j . (226)
In continuum limit, we have U~j,U(1)(t)→ UU(1)(~x, t), A~j,~j′ → ~A(x) and A0,~j → A0(x). The
Abelian gauge symmetry is represented by
ψ′ → USU(n)(~x, t)ψ (227)
and
Aµ(~x, t)→ Aµ(~x, t) + i
(
∂µUU(1)(~x, t)
) (
UU(1)(~x, t)
)−1
= Aµ(~x, t) +
1
e0nk
∂µφ(~x, t). (228)
Finally, we derive the path-integral formulation to characterize the effective Hamiltonian
in continuum limit for gauge field
∫
DA0D ~AeiSEM/~ (229)
where SEM =
∫ LEMdtd3x and
LEM = eAµjµ(em) −
1
4
FµνF
µν . (230)
The gauge field strength Fµν is defined by Fµν = ∂µAν − ∂νAµ. The electric charge for a
internal twisting zero is e0. As a result, the total electric charge of a composite knot with
n-internal zeroes is just e = ne0. It is obvious that LEM has local U(1) gauge symmetry. On
the contrary, people always obtain above formula (LEM = eAµjµ(em) − 14FµνF µν) from point
view of local gauge symmetry.
From Eq.230, we can derive the Maxwell equations
∂µF
µν = jµ(em) (231)
where jµ(em) is the electric current. In addition, to give a correct definition of knots in a
composite knot-crystal, we must set down the ”gauge” f(Aµ) = 0 that leads to a fixed
φ0,~j,A/B,1(~x, t) at a give position (~x, t) for internal twisting.
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For the case of n = 1, we derive the U(1) gauge theory for composite knot-crystal. Now,
the charge of an electron is e0. As a result, the effective Lagrangian for knots turns into
Lfermion(x) = e¯(x)iγµ∂µe(x) +mee¯(x)e(x) + e0Aµ(x)jµ(em)(x) (232)
where
jµ(em)(x) = ie¯(x)γ
µe(x). (233)
For the case of n = 2, the charge of an electron is 2e0; the charge of a quark is nquark ·e0 =
e0. As a result, the effective Lagrangian for knots turns into
Lfermion(x) = e¯(x)iγµ∂µe(x) + q¯(x)iγµ∂µq(x)
+mee¯(x)e(x) +mq q¯(x)q(x) + eAµ(x)j
µ
(em)(x) (234)
where
jµ(em)(x) = ie¯(x)γ
µe(x) + i
1
2
q¯(x)γµq(x). (235)
For the case of n = 3, the charge of an electron is 3e0; the charge of a u-quark is
nu−quark · e0 = 2e0, the charge of a d-quark is nd−quark = e0. As a result, the effective
Lagrangian for knots turns into
Lfermion(x) = e¯(x)iγµ∂µe(x) + d¯(x)iγµ∂µd(x) + u¯(x)iγµ∂µu(x)
+mee¯(x)e(x) +mdd¯(x)d(x) +muu¯(x)u(x) + eAµ(x)j
µ
(em)(x) (236)
where
jµ(em)(x) = ie¯(x)γ
µe(x) + i
2
3
u¯(x)γµu(x) (237)
+ i
1
3
d¯(x)γµd(x).
Here, we have set the charge of an electron 3e0 to be e.
Finally, we show the physical picture of the U(1) gauge field. U(1) gauge field comes
from phase fluctuations of internal zero-lattice. Two composite knots interact by exchanging
phase fluctuations of internal zero-lattice. An extra internal zeroes plays the role of source
of electric field. When there exists an extra internal-winding, the composite knots will
be attractive or repulsive to the source. When there exists finite magnetic field, the path
of moving composite knots will be curved. A photon is a local internal twisting changing.
Because the longitudinal fluctuation of internal twisting is ”eaten” knots due to writhe-twist
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locking condition, the fluctuations of internal twisting have only transverse modes. This is
why the gauge fields are transverse waves with spin-1.
In addition, we compare the physics picture of U(1) gauge symmetry in composite knot-
crystal and that in Kaluza–Klein theory[23]. In knot physics, each internal zero corresponds
to a π-flux in extra space (xd+1-xd+2 space) and the deformation of internal zero-lattice
become electromagnetic field, the fluctuations of internal zero-lattice become Maxwell waves.
For composite knot with a internal zero, the total flux in extra space is π, of which the total
electric charge is e0. The situation is very similar to the emergent gauge symmetry in
Kaluza–Klein theory, in which the particles have finite angular momentum m in extra space
that corresponds to a half internal twisting (a internal zero) in knot physics.
D. Emergent SU(n) gauge field
1. Emergent SU(n) gauge symmetry
In this part we discuss the emergent quantum field theory for composite knots with taking
into account the dynamics of internal zeroes/knots. For a 2-level composite knot-crystal with
(N = 4, M = 2) and an integer hierarchy number ∆{1,2} = n, there are n different types
of knots with [1, 0], [1, 1], ... [1, n − 1]. The composite knots with [1, n] correspond to
electrons in particle physics and the composite knots with [1, nk] (nk is an integer number,
0 < nk < n) correspond to quarks. We point out that an emergent SU(n) non-Abelian
gauge field describes the knot dynamics on a composite knot-crystal. The SU(n) gauge
symmetry comes from indistinguishable states of internal-knots inside the composite knot.
In Fig.13, we show the theoretical structure of emergent SU(n) non-Abelian gauge symmetry
and non-Abelian gauge fields.
For the knot-crystal, each level-2 type-T zero (for example, a knot at (~x, t)) corresponds to
n level-1 internal type-T zeroes. Because each internal zero corresponds to an internal knot,
we label the n internal zeroes by 1, 2, ..., n and the corresponding states of internal knots by
|ψinter,1〉 , |ψinter,2〉 , ..., |ψinter,n〉 , respectively. |ψinter,1〉 , |ψinter,2〉 , ..., |ψinter,n〉 have the same
properties and |ψinter,1〉 , |ψinter,2〉 , ..., |ψinter,n〉 make up a complete basis. In general, due
to symmetry of |ψinter,1〉 , |ψinter,2〉 , ..., |ψinter,n〉, we can re-label the corresponding states of
internal knots by
∣∣ψ′inter,1〉 , ∣∣ψ′inter,2〉 , ..., ∣∣ψ′inter,n〉. The relationship between the two basis
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FIG. 13: An illustration of the theoretical structure of emergent SU(n) non-Abelian gauge sym-
metry and non-Abelian gauge fields
is 

∣∣ψ′inter,1 (~x, t)〉∣∣ψ′inter,2 (~x, t)〉
...∣∣ψ′inter,n (~x, t)〉


= USU(n) (~x, t)


|ψinter,1〉
|ψinter,2〉
...
|ψinter,n〉


(238)
where USU(n) (~x, t) = e
iΘ(~x,t) is the matrix of the representation of SU(n) group. Θ (~x, t) =∑n2−1
a=1 θ
a (~x, t) τa and θa are a set of n2 − 1 constant parameters, and τa are n2 − 1 n × n
matrices representing the n2−1 generators of the Lie algebra of SU(n)[19]. This result leads
to the concept of non-Abelian gauge symmetry.
Thus, we have a local SU(n) symmetry that denotes the indistinguishable states of
internal-knots inside the composite knot.
For the case of n = 2, there are two internal zeroes inside a knot that is labeled by 1, 2.
The corresponding basis of states of internal knots is

 |ψinter,1(~x, t)〉
|ψinter,2(~x, t)〉

 . Due to the local
SU(2) gauge symmetry, the basis can be arbitrary re-defined, i.e.,

 |ψinter,1(~x, t)〉
|ψinter,2(~x, t)〉

→


∣∣ψ′inter,1(~x, t)〉∣∣ψ′inter,2(~x, t)〉

 (239)
= USU(2) (~x, t)

 |ψinter,1(~x, t)〉
|ψinter,2(~x, t)〉


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where USU(2) (~x, t) = e
iΘ(~x,t) is the matrix of the representation of SU(2) group. Θ (~x, t) =∑3
a=1 θ
a (~x, t) τa and θa are a set of 3 constant parameters, and τa are 2× 2 Pauli matrices
representing the 3 generators of the Lie algebra of SU(2)[19].
When there exists a knot with [1, 1], the knot states are denoted by
 |q1(~x, t)〉
|q2(~x, t)〉

 =

 q†(~x, t) |ψinter,1(~x, t)〉
q†(~x, t) |ψinter,2(~x, t)〉

 (240)
=

 q†1(~x, t) |vac〉
q†2(~x, t) |vac〉


where |q1(~x, t)〉 denotes a knot state with an internal knot of 1-th internal-zero and |q2(~x, t)〉
denotes a knot state with an internal knot of 2-th internal-zero. q†(~x, t) is the creation
operator of level-2 knot with two internal knot states. Because both the internal knot state
|q1(~x, t)〉 and the internal knot state |q2(~x, t)〉 change level-1 half linking number, we cannot
distinguish the knots with the two different internal states by detecting phase changing on
level-2. As a result, the knot states

 |q1(~x, t)〉
|q2(~x, t)〉

 has local SU(2) gauge symmetry, i.e.,

 |q1(~x, t)〉
|q2(~x, t)〉

→

 |q′1(~x, t)〉
|q′2(~x, t)〉

 =

 q†(~x, t)
∣∣ψ′inter,1(~x, t)〉
q†(~x, t)
∣∣ψ′inter,2(~x, t)〉

 (241)
=

 q†(~x, t)USU(2) (~x, t) |ψinter,1(~x, t)〉
q†(~x, t)USU(2) (~x, t) |ψinter,2(~x, t)〉


= USU(2) (~x, t)

 q†(~x, t) |ψinter,1(~x, t)〉
q†(~x, t) |ψinter,2(~x, t)〉


= USU(2) (~x, t)

 |q1(~x, t)〉
|q2(~x, t)〉

 .
Therefore, the quarks also have local SU(2) gauge symmetry. This leads to the existence of
SU(2) non-Abelian gauge fields.
Fig.14(a) is an illustration of entanglement pattern of a 2D SOC knot-crystal with (N =
4, M = 2) and ∆(1,2) = 2. Each circle denotes a level-2 W-type zero. The solid lines
denote the entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote
the entanglement pattern for level-1 T-type zero-lattice. The dots inside the circles denote
internal zeroes. Fig.14(b) and Fig.14(c) illustrate [1, 1] knot and [1, 2] knot, respectively.
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FIG. 14: (a) An illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 4,
M = 2) and ∆(1,2) = 2. Each circle denotes a level-2 W-type zero. The solid lines denote the
entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote the entanglement
pattern for level-1 T-type zero-lattice. The dots inside the circles denote internal zeroes; (b) An
illustration of a [1, 1] knot; (c) An illustration of a [1, 2] knot.
According to the local SU(2) gauge symmetry, the internal states of quarks change as
following equation,

 |q1(~x, t)〉
|q2(~x, t)〉

→

 |q′1(~x, t)〉
|q′2(~x, t)〉

 = USU(2) (~x, t)

 |q1(~x, t)〉
|q2(~x, t)〉

 . (242)
Due to the local SU(2) gauge symmetry, one cannot distinguish the state

 |q1(~x, t)〉
|q2(~x, t)〉


with

 |q′1(~x, t)〉
|q′2(~x, t)〉

 = USU(2) (~x, t)

 |q1(~x, t)〉
|q2(~x, t)〉

. The knot states

 |q1(~x, t)〉
|q2(~x, t)〉

 and the
knot states

 |q′1(~x, t)〉
|q′2(~x, t)〉

 = USU(2) (~x, t)

 |q1(~x, t)〉
|q2(~x, t)〉

 can be same by changing the basis of
states of internal knots.
For the case of n = 3, there are three internal zeroes inside a composite knot that
is labeled by 1, 2, 3. The basis of states of internal knots has local SU(3) gauge sym-
metry


|ψinter,1(~x, t)〉
|ψinter,2(~x, t)〉
|ψinter,3(~x, t)〉

 . After re-ordering the internal zeroes, the states of d-quarks
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FIG. 15: (a) An illustration of entanglement pattern of a 2D SOC knot-crystal with (N = 4,
M = 2) and ∆(1,2) = 3. Each circle denotes a level-2 W-type zero. The solid lines denote the
entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote the entanglement
pattern for level-1 T-type zero-lattice. The dots inside the circles denote internal zeroes; (b) An
illustration of a [1, 1] knot; (c) An illustration of a [1, 2] knot; (c) An illustration of a [1, 3] knot.


d1,τ,σ |vac〉
d2,τ,σ |vac〉
d3,τ,σ |vac〉

 and those of u-quarks


u1,τ,σ |vac〉
u2,τ,σ |vac〉
u3,τ,σ |vac〉

 also have local SU(3) gauge sym-
metry, i.e.,


d1,τ,σ |vac〉
d2,τ,σ |vac〉
d3,τ,σ |vac〉

→


d′1,τ,σ |vac〉
d′2,τ,σ |vac〉
d′3,τ,σ |vac〉

 = USU(3) (~x, t)


d1,τ,σ |vac〉
d2,τ,σ |vac〉
d3,τ,σ |vac〉

 (243)


u1,τ,σ |vac〉
u2,τ,σ |vac〉
u3,τ,σ |vac〉

→


u′1,τ,σ |vac〉
u′2,τ,σ |vac〉
u′3,τ,σ |vac〉

 = USU(3) (~x, t)


u1,τ,σ |vac〉
u2,τ,σ |vac〉
u3,τ,σ |vac〉

 .
Here USU(3) (~x, t) = e
iΘ(~x,t) is the matrix of the representation of SU(3) group. Θ (~x, t) =∑8
a=1 θ
a (~x, t) τa and θa are a set of 8 constant parameters, and τa are 8 3 × 3 matrices
representing the 8 generators of the Lie algebra of SU(3)[19].
Fig.15 is an illustration of entanglement pattern of a 2D SOC knot-crystal with (N =
4, M = 2) and ∆(1,2) = 3. Each circle denotes a level-2 W-type zero. The solid lines
denote the entanglement pattern for level-2 T-type zero-lattice. The dotted lines denote
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the entanglement pattern for level-1 T-type zero-lattice. The dots inside the circles denote
internal zeroes; Fig.15(b), Fig.15(c), and Fig.15(d) illustrate [1, 1] knot, [1, 2] knot, [1, 3]
knot, respectively.
We then derive the formulation of the gauge theory for the quarks with local SU(n)
symmetry. For simplicity, we denote the basis of quarks with n internal knot states by
Ψquark =


ψ1,quark
ψ2,quark
...
ψn,quark


where ψi,quark describes the quantum state of the composite knots.
Due to local SU(n) symmetry of internal states for internal-knots, ψi,quark and ψi′,quark can be
changed into each other by choosing different local gauges. Thus, Ψquark can be transformed
locally according to an n-dimensional representation,
Ψquark → Ψ′quark → USU(n)(x)Ψquark, (244)
where USU(n)(x) = e
iΘ(x) is the matrix of the representation of SU(n) group.
2. Emergent SU(n) gauge theory for composite knot-crystal
The local symmetry of internal states (USU(n)(~x, t) |ψ〉 = |ψ〉′) for internal-knots leads
to an SU(n) gauge symmetry for composite knots (elementary fermions), The SU(n) gauge
symmetry for composite knots (elementary fermions) leads emergent SU(n) gauge theory for
composite knot-crystal.
To well define a composite knot with n internal zeroes, we must choose arbitrary n nearest-
neighbor zeroes. Gauge symmetries appear as the redundancies to choose which n internal
zeroes to make up this composite knot. The redundancy protected by internal symmetry
for n internal zeroes leads to a non-Abelian gauge symmetry that is really the SU(n) gauge
symmetry for strong interaction. As a result, we have an SU(n) gauge symmetry that will
never be broken. The rule to settle down the redundancy is the rule to fix the gauge for
gauge field.
Due to the existence of the local SU(n) gauge symmetry, there exists SU(n) gauge field.
Under changing internal knots inside a composite knot, the quark state at site ~j changes as
q~j → q′~j = U˜~j,SU(n)q~j . (245)
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Here U˜SU(n) is a changing of internal knot states based on certain basis


ψ1,quark
ψ2,quark
...
ψn,quark


. After
considering the local changing of basis induced by U~j,SU(n), the local coupling between two
quark states changes, i.e.,
Jq†~jT~j,~j′q~j′ → J(q~jU˜~j,SU(n))† · T~j,~j′ · (U˜~j′,SU(n)q~j′) (246)
where T~j,~j′ is translation operator from
~j-sie to ~j′-site. We define a vector field A~j,~j′ to
characterize the local changing of basis
eigA~j,~j′ = (U˜~j,SU(n))
−1U˜~j′,SU(n) (247)
where g is coupling constant of SU(n) non-Abelian gauge field. So, for perturbation case
A~j,~j′ ∼ 0, we have
igA~j,~j′ ≃ (δU˜~j,SU(n))−1U˜~j′,SU(n) (248)
where δU˜~j,SU(n) = U˜~j,SU(n) − U˜~j′,SU(n). The local coupling between two knot states becomes
Jq†~je
igA~j,~j′T~j,~j′q~j′. (249)
The total kinetic energy for knots becomes
Hˆcoupling = J
∑
〈~j,~j′〉Jq
†
~j
eigA~j,~j′T~j,~j′q~j′ + h.c.. (250)
It is obvious that the vector field A~j,~j′ that characterizes the local position perturbation
of internal zero-lattice plays the role of SU(n) gauge field. To illustrate the local SU(n) gauge
symmetry, we do a local SU(n) gauge transformation U~j,SU(n) that is the transformation of
basis of internal knot states, i.e.,


ψ′1,quark
ψ′2,quark
...
ψ′n,quark


= U~j,SU(n)


ψ1,quark
ψ2,quark
...
ψn,quark


. (251)
Under a local SU(n) gauge transformation, we have
q~j → q′~j = U~j,SU(n)q~j , (252)
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and
gA~j,~j′ → gA′~j,~j′ = gU~j,SU(n)A~j,~j′(U~j′,SU(n))−1 (253)
+ i(δU~j,SU(n))(U~j,SU(n))
−1
where δU~j,SU(n) = (U~j,SU(n) − U~j′,SU(n)). Here, we have used the following result,
eigA~j,~j′ = (U˜~j,SU(n))
−1U˜~j′,SU(n)
→ eigA′~j,~j′ = U~j,SU(n)eigA~j,~j′ (U~j′,SU(n))−1
= U~j,SU(n)(1 + igA~j,~j′)(U~j′,SU(n))−1
= U~j,SU(n)(U~j′,SU(n))
−1 + igU~j,SU(n)A~j,~j′(U~j′,SU(n))−1
= 1 + igA′~j,~j′ ≃ e
igA′~j,~j′ . (254)
The total kinetic energy for knots turns into
Hˆcoupling → Hˆ′coupling = J
∑
〈~j,~j′〉(q
′
~j
)†eigA
′
~j,~j′T~j,~j′q
′
~j′
+ h.c.. (255)
The Hamiltonian doesn’t change,
Hˆcoupling = Hˆ′coupling. (256)
On the other hand, the situation for tempo phase changing is similar to that for spatial
phase changing. To characterize the tempo twist-writhe locking condition, we introduce a
Lagrangian variable A0,~j to path-integral formulation as
A0,~jq†~jq~j . (257)
In continuum limit, we have, U~j,SU(n)(t) → USU(n)(~x, t), A~j,~j′ → ~A(x) and A0,~j → A0(x).
The non-Abelian gauge symmetry is represented by
q′quark → USU(n)(~x, t)qquark (258)
and
Aµ(~x, t)→ USU(n)(~x, t)Aµ(~x, t)
(
USU(n)(~x, t)
)−1
+
i
g
(
∂µUSU(n)(~x, t)
) (
USU(n)(~x, t)
)−1
. (259)
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The gauge strength is defined by Gµν as
Gµν = ∂µAν − ∂νAµ − ig [Aµ,Aν ] (260)
or
Gµν = Gaµνta, Gaµν = ∂µAaν − ∂νAaµ + gfabcAbµAcν . (261)
The Lagrangian of Yang-Mills field can only be written as:
LYM(SU(n)) = −1
2
TrGµνGµν + TrJµYMAµ (262)
where JµYM = iq¯quarkγ
µqquark. The Lagrangian density LYM(SU(n)) is invariant under the
gauge transformations with an x-dependent USU(n)(~x, t).
Finally, we show the physical picture of the SU(n) gauge field. An extra internal zero also
plays the role of source of SU(n) gauge field and carries color degree of freedom. There are n
different colors. For example, for the case of SU(3), there are three colors called red, blue and
green, respectively. The collective modes of SU(3) gauge field are always called gluons that
are the fluctuations of internal zeroes. Two colored composite knots interact by exchanging
gluons. However, a composite object with nk = N · n internal zeroes (N is an integer
number) are colorless. Because electron is a composite knot without additional internal
zeroes (ne ≡ 3), the fluctuations reorganizing internal zeroes will never affect electrons. So,
electrons don’t couple the gluons.
E. Examples
A composite knot-crystal that is projected to coupled zero-lattices naturally gives rise
to gauge bosons (such as photons) and fermions (such as electrons). Gauge bosons are
vibrations of zero-lattice, while fermions are composite knots of zero-lattice. We get the
universal effective Lagrangian for a composite knot-crystal as
L = Lfermion + LEM(U(1)) + LYM(SU(n)). (263)
The U(1) gauge field characterizes the interaction from the phase fluctuations of internal
zero-lattice. The SU(n) gauge field characterizes the interaction from the fluctuations of
twisting number of internal zero-lattice.
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1. Physics of simple knot-crystal with n = 0
For a simple knot-crystal, the knot becomes chargeless electron and the effective model
is a free Dirac model, of which the effective Lagrangian is
L = e¯(x)iγµ∂µe(x) +mee¯(x)e(x), (264)
where me = 2ω
∗.
2. Physics of composite knot-crystal with n = 1
For the composite knot-crystal without internal winding (n = 0), the composite knot
becomes electron with ne = 1. The effective model is U(1) gauge theory, of which the
effective Lagrangian is given by
L = e¯(x)iγµ∂µe(x) +mee¯(x)e(x) (265)
− 1
4
FµνF
µν + eAµ(x)j
µ
(em)(x)
where jµ(em)(x) = ie¯(x)γ
µe(x). me = 2ω
∗ are masses for electron. The phonons Aµ(x)
characterize the fluctuations of internal zero-lattice. This model gives QED.
3. Physics of composite knot-crystal with n = 2
For the composite knot-crystal with n = 2, the (composite) knots are electron with
ne = 2, quarks with nquark = 1. The effective model is SU(2)⊗U(1) gauge theory, of which
the effective Lagrangian is given by
L = e¯(x)iγµ∂µe(x) + ψ¯quark(x)iγµ∂µψquark(x) (266)
+mee¯(x)e(x) +mquarkψ¯quark(x)ψquark(x)
− 1
4
FµνF
µν + eAµ(x)j
µ
(em)(x)
− 1
2
TrGµνGµν + TrJµYMAµ
where e = 2e0. mquark = 2ω
∗ are masses for quark and electron, respectively. The electric
current is
jµ(em)(x) = ie¯(x)γ
µe(x) +
1
2
iψ¯quark(x)γ
µψquark(x). (267)
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The SU(2) color current is Ja,µYM = iΨ¯quarkγ
µT aΨquark.
The U(1) gauge field characterizes the interaction from the phase fluctuations of internal
zero-lattice. The SU(2) gauge field characterizes the interaction from the number fluctua-
tions of internal zero-lattice.
IX. EMERGENT QUANTUM FIELD THEORY FOR 3-LEVEL COMPOSITE
KNOT-CRYSTAL WITH (N = 4, M = 3)
In this section we study the effective theory for knot on a 3-level composite knot-crystal
with (N = 4, M = 3). To generate a 3-level composite knot-crystal with (N = 4, M = 3),
we symmetrically wind a 2-level double-helix knot-crystal with (N = 4, M = 2) along
different spatial directions. As a result, there exists an additional W-type zero-lattice by W-
type projection on the center membrane of A-knot-crystal and B-knot-crystal – the level-3
W-type zero-lattice. The effective theory of a 3-level composite knot-crystal with (N = 4,
M = 3) reproduces Standard model, an SUStrong(3)⊗ SUweak(2)⊗UY(1) gauge theory with
Higgs mechanism due to spontaneous symmetry breaking. ∆{2,3} is a very large number, for
example, ∆{2,3} ∼ 1010. We call this composite knot-crystal with (N = 4,M = 3) to be the
standard knot-crystal. Fig.5(a) is an illustration of the standard knot-crystal.
A. Classification of composite knots
In particle physics, there exist different types fermionic elementary particles: neutrino,
electron and quarks. To explain the existence of different types of elementary particles,
people try to go beyond SM. Pati and Salam [24] had proposed preons to be the funda-
mental constituent particles. Then, other types of models were developed, for example, the
Rishon Model proposed simultaneously by Harari and Shupe [25, 26], the helon model by S.
O. Bilson-Thompson[27], the tangles by C. Schiller[28]. In knot physics, we show a corre-
spondence between different types of elementary particles and different types of composite
knots.
By trapping different types of zeroes, there exist different types of knots. We use the
following number series to label different types of knots,
[nL2 , nL1 ] (268)
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where nL2 is the half linking number of level-2 entangled knot-crystals that is equal to the
sum of the number of level-2 T-type zeroes nL2T and the number of level-3 W-type zeroes
nL3W as
nL2 = nL2T + nL3W, (269)
nL1 is the half linking number of level-1 entangled vortex-membranes that is equal to the
sum of the number of level-1 T-type zeroes nL1T and the number of level-2 W-type zeroes
nL2W,
nL1 = nL1T + nL2W. (270)
For different types of knots, due to trapping half linking number of two entangled knot-
crystals, we must have nL2 = 1. So the classification of the knot type is based on the half
internal linking number nL1 (the half linking number of level-1 entangled vortex-membranes).
For a 2-level double-helix knot-crystal with (N = 4, M = 2) with an integer hierarchy
number ∆{1,2} = n, There are n different types of knots with [1, 0], [1, 1], ... [1, n− 1]. The
composite knots with [1, 0] correspond to electrons in particle physics and the composite
knots with [1, nk] (nk is an integer number, 0 < nk < n) correspond to quarks. However,
there are two types of knots with [1, 0], one is [1L2T, 3] that is knot with a level-2 T-type
zero, the other is [1L3W, 0] that is knot with a level-3 W-type zero. The knot with [1L3W, 0]
corresponds to neutrino and the knot with [1L2T, 3] corresponds to electron.
For example, for the case of n = 3, the correspondence between four types of knots and
elementary particles is given by
A knot with [1L2T, 3]←→ An electron, (271)
A knot with [1L3W, 0]←→ An neutrino,
A knot with [1L2T, 1]←→ An u-qurak,
A knot with [1L2T, 2]←→ An d-qurak
or
ψ[1L2T,3] ←→ e, (272)
ψ[1L3W,0] ←→ ν,
ψ[1L2T,1] ←→ u,
ψ[1L2T,2] ←→ d.
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As a result, in low energy limit, the effective Lagrangian of knots on a 3-level composite
knot-crystal with (N = 4, M = 3) and ∆{1,2} = n = 3 becomes
Lfermion(x) = ν¯iγµ∂µν + e¯iγµ∂µe+ d¯iγµ∂µd
+ u¯iγµ∂µu+mee¯e +mdd¯d+muu¯u. (273)
There is no mass term for the left-hand neutrinos.
B. Emergent SUStrong(3) ⊗UEM(1) gauge theory for the standard knot-crystal
It was known that a 2-level composite knot-crystal with (N = 4, M = 2) is described
by SUStrong(n)⊗UEM(1) gauge theory. The U(1) gauge field characterizes the interaction
from the phase fluctuations of internal zero-lattice and the SU(n) gauge field characterizes
the interaction from the fluctuations of twisting number of internal zero-lattice.
For the standard knot-crystal (a composite knot-crystal 3-level composite knot-crystal
with (N = 4,M = 3) and n = 3), we have four types of composite knots: electron with ne =
3, d-quarks with nd−quark = 1, u-quarks with nu−quark = 2. From point view of fluctuations
of level-1 internal twistings, without considering the fluctuations of level-3 windings, the
effective model is an SUStrong(3)⊗UEM(1) gauge theory, of which the Lagrangian is
L = ν¯iγµ∂µν + e¯iγµ∂µe + d¯iγµ∂µd (274)
+ u¯iγµ∂µu+mee¯e +mdd¯d+muu¯u
− 1
4
FµνF
µν + eAµ(x)j
µ
(em)(x)
− 1
2
TrGµνGµν + TrJµYMAµ
where e = 3e0. mν = 0, mu = 2ω
∗, md = 2ω∗, and me = 2ω∗ are masses for neutrino,
u-quark, d-quark and electron, respectively. The electric current is
jµ(em)(x) = ie¯(x)γ
µe(x) + i
2
3
u¯(x)γµu(x) (275)
+ i
1
3
d¯(x)γµd(x).
The SUStrong(3) color current for strong interaction is
Ja,µYM = u¯(x)iγ
µT au(x) + d¯(x)iγµT ad(x). (276)
This model gives QED and QCD. In particular, neutrino doesn’t couple to
SUStrong(3)⊗UEM(1) gauge fields.
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C. Emergent electro-weak SUweak(2)⊗UY(1) gauge theory for the standard
knot-crystal
In above section, from point view of fluctuations of level-1 internal twistings, without
considering the fluctuations of level-3 windings, the effective model is an SUStrong(3)⊗UEM(1)
gauge theory. After considering the fluctuations of level-3 windings, the situation changes. In
this section, we focus on the effect from point view of the fluctuations of level-3 windings and
get an electro-weak SUweak(2)⊗UY(1) gauge field theory. An SUweak(2)⊗ UY(1) gauge field
that couples neutrino (a knot with [1L3W, 0]) and electron (a knot with [1L2T, 3]) characterizes
the interaction by exchanging the fluctuations of linking number in the unit cell of level-3
W-type zero-lattice. The fluctuations of SUweak(2) gauge theory come from the fluctuations
of level-2 linking number on a unit cell of level-3 W-type zero-lattice and the fluctuations
of UY(1) gauge theory come from the fluctuations of level-1 linking number (the internal
zeroes) on a unit cell of level-3 W-type zero-lattice.
1. Electro-weak SUweak(2) ⊗UY(1) gauge symmetry for leptons
A neutrino is really half-winding with level-3 W-type zero and an electron is a half-
twisting with internal twisting ne = ∆(1,2) = 3. Without considering the charge degree
of freedom, we cannot distinguish a uniform distributed left-hand electron from a uniform
distributed left-hand neutrino on a unit cell of level-3 zero-lattice. Therefore, we may regard
a uniform distributed left-hand neutrino ν and a uniform distributed left-hand electron e to
be same object of an SUweak(2) gauge symmetry on a unit cell of level-3 W-type zero-lattice.
The fluctuations of internal zeroes on the unit cell of level-3 W-type zero-lattice play the
role of the Abelian gauge fields for the UY(1) gauge symmetry.
We then consider a left-hand electron e to be a composite knot with
ne = (ne)SUweak(2) + (ne)UY(1) = 3 (277)
where (ne)SUweak(2) =
3
2
and (ne)UY(1) =
3
2
and a left-hand neutrino ν to be a composite knot
with
nν = (nν)SUweak(2) + (nν)UY(1) = 0 (278)
where (nν)SUweak(2) = −32 and (nν)UY(1) = 32 .
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To characterize the property of opposite-component of internal zeroes for leptons
(ne)SUweak(2) = − (nν)SUweak(2) =
3
2
, (279)
a left-hand neutrino ν and a left-hand electron e make up a lepton SUweak(2) spinor
ψLepton =

 ν
e

 . (280)
The left-handed components of the lepton fields are assigned to doublets of SUweak(2)
ψLepton,L =
1
2
(1 + γ5)

 ν
e

 (281)
The right-handed components are assigned to singlets of SUweak(2) that has no neutrino
and we have
ψLepton,R = eR =
1
2
(1− γ5)e. (282)
As a result, we have
ψLepton,L → ei~τ~θ( ~X)ψLepton,L,
ψLepton,R → ψLepton,R (283)
with ~τ the three Pauli matrices.
On the other hand, to characterize the property of identical-component of internal zeroes
for leptons
(ne)UY(1) = (nν)UY(1) =
3
2
, (284)
a left-hand neutrino ν and a left-hand electron e have an additional charge degree of freedom
from UY(1) gauge symmetry. Such charge degree of freedom is called the supercharge degrees
of freedom. The supercharge Y of left-hand electron and left-hand neutrino with internal
zeroes (ne)UY(1) = (nν)UY(1) =
3
2
is
Y(ψLepton,L) = −1. (285)
An important fact is that unit internal zero has supercharge Y to be −2
3
, i.e.,
Y(internal zero) = −2
3
. (286)
For a right-hand electron, there are 3 internal zeroes. The 3 internal zeroes have super-
charge Y to be 3 × (−2
3
)
= −2. Therefore, right-hand electrons eR have −2 supercharge
as
Y(ψLepton,R) = −2. (287)
77
2. Electro-weak SUweak(2) ⊗UY(1) gauge symmetry for quarks
In addition, we consider the electro-weak interaction for quarks. In unit cell of level-3
zero-lattice, a d-quark has 1 internal zero nd−quark = 1 and an anti-u-quark has 2 internal zero
nu∗−quark = −2. We may also regard a uniform distributed left-hand d-quark and a uniform
distributed left-hand anti-u-quark to be same object of an SUweak(2) gauge symmetry on
the unit cell of level-3 W-type zero-lattice.
We consider a left-hand d-quark to be a composite knot as
nd−quark = (nd−quark)SUweak(2) + (nd−quark)UY(1) (288)
where (nd−quark)SUweak(2) =
3
2
and (nd−quark)UY(1) = −12 and a left-hand u-quark to be a knot
with 1.5 internal zero,
nu∗−quark = (nu∗−quark)SUweak(2) + (nu∗−quark)UY(1) (289)
where (nu−quark)SUweak(2) = −32 and (nu−quark)UY(1) = −12 .
To characterize the property of opposite-component of internal zeroes for u¯ and d as
(nd−quark)SUweak(2) = − (nu−quark)SUweak(2) =
3
2
, (290)
u¯ and d make up a quark SUweak(2) spinor[29]
ψquark =

 u¯
d

 . (291)
They are fractionally charged and come each in three “colours”,
ψquark,L =
1
2
(1 + γ5)

 u¯
d

 . (292)
On the other hand, to characterize the property of identical-component of internal zeroes
for u¯ and d as
(nd−quark)SUweak(2) = (nu−quark)SUweak(2) = −
1
2
, (293)
a left-hand d-quark and a left-hand anti-u-quark have the supercharge Y to be
Y(ψquark,L) = −1
2
× 2
3
=
1
3
. (294)
Since a unit internal zero has supercharge Y to be −2
3
, we find that the super charge for
quarks uR, dR to be
Y(uR) = −4
3
, Y(dR) = −2
3
. (295)
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3. Effective Lagrangian of electro-weak SUweak(2)⊗UY(1) gauge theory
Finally, we write down the effective Lagrangian of electro-weak SUweak(2)⊗UY(1) gauge
theory
L = Lfermion + LY(UY(1)) + Lweak(SUweak(2)) (296)
= Trψ¯Liγ
µ(∂µ − igWµ + ig
′
2
Bµ)ψL
+ ψ¯Riγ
µ(∂µ + ig
′Bµ)ψR
− 1
4
BµνB
µν − Tr1
2
WµνW
µν
where Wµ and Bµ denote the gauge fields associated to weak SUweak(2) and super-charge
UY(1) respectively, of which the corresponding field strengths are Wµν and Bµν . The two
coupling constants g and g′ correspond to the groups SUweak(2) and UY(1) respectively.
Because neutrino has only left-hand degrees of freedom, the charged W ’s couple only to the
left-handed components of the lepton fields.
Electro-weak SUweak(2)⊗ UY(1) gauge symmetry comes from the redundancies of 2-level
composite knots and those of 1-level internal knots in unit cell of level-3 zero-lattices. As
a result, the fluctuations of SUweak(2) gauge theory comes from the fluctuations of linking
number on a unit cell of level-3 W-type zero-lattice and the fluctuations of UY(1) gauge
theory come from the residue phase fluctuations of internal-twisting on a unit cell of level-3
zero-lattice.
4. Higgs mechanism and spontaneous symmetry breaking for standard knot-crystal
We then study the properties of angular velocity of leapfrogging motion ω( ~X, t) (that is
really the Higgs field Φ( ~X, t)/2 in Standard model), that is
ψ′( ~X, t) = e2iτxω(
~X,t)·t · ψ( ~X, t). (297)
Consequently, the effect of leapfrogging motion is to change ψL( ~X) to ψR( ~X) and there
appears an extra term in Hamiltonian as ψ†ωτxψ = ψ
†
RωψL. Because of
Y(ψLepton,L) = −1, Y(ψLepton,R) = 0, (298)
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the UY(1) super-charge of ω( ~X, t) must be
Y(ω( ~X, t)) = Y(ψLepton,R)−Y(ψLepton,L) (299)
= 1.
On the other hand, due to
ψL( ~X)→ ei~τ~θ( ~X)L ψ( ~X),
ψR( ~X)→ ψR( ~X), (300)
ω( ~X, t) must be an SUweak(2) complex doublet as
ω( ~X, t) =

 φ+
φ0

 ,
ω( ~X, t)→ ei~τ~θ(X)ω( ~X, t). (301)
As a result, the fluctuating leapfrogging angular velocity of a standard knot-crystal ω0 →
ω( ~X, t) plays the role of Higgs field Φ( ~X, t) in Standard model[21].
Next, we write down the Lagrangian of the leapfrogging field ω( ~X, t). Because the
leapfrogging field ω( ~X, t) is an SUweak(2) complex doublet and has supercharge Y = 1,
we get the kinetic term of leapfrogging field ω( ~X, t) as
|(∂µ − ig~τ
2
· ~Wµ − ig
′
2
Bµ)ω( ~X, t)|2. (302)
To obtain the finite leapfrogging velocity, we also add a phenomenological term V (ω( ~X, t)).
Finally, by adding Yukawa coupling between the Higgs field and fermions, the full La-
grangian of ω( ~X, t) is given by
LHiggs = |(∂µ − ig~τ
2
· ~Wµ − ig
′
2
Bµ)ω( ~X, t)|2
− V (ω( ~X, t)) + ψ¯Lepton,LGLeptonω( ~X, t)ψ¯Lepton,R
+ ψ¯quark,LGquarkω( ~X, t)ψquark,R + h.c. (303)
where GLepton = Gquark = 2.
A finite leapfrogging angular velocity is given by minimizing ω( ~X, t), of which the ex-
pected value is ω∗. Then, the weak gauge symmetry is spontaneously broken, we get a finite
angular velocity of leapfrogging motion as
〈
ω( ~X, t)
〉
=
1√
2

 0
ω∗

 + δω( ~X, t). (304)
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A finite angular velocity of leapfrogging motion creates a mass term for the electrons me =
1√
2
Geω
∗.For the system with finite angular velocity of leapfrogging motion, we produce
masses for the quarks given by mu = Guω
∗, md = Gdω∗. Because there is no right-hand
neutrino, the mass of neutrino is zero, mν ≡ 0. In addition, the Higgs field also has mass
that is mHiggs 6= 0.
The finite angular velocity of leapfrogging motion plays the role of Higgs condensation
and the Higgs mechanism of 3-level composite knot-crystal with (N = 4, M = 3) breaks
the original gauge symmetry according to SUweak(2)⊗UY(1)→ UEM(1).
As a result, the SUweak(2) gauge fields obtain masses from the following terms[22]
1
8
(ω∗)2[g2(W 1µW
1µ +W 2µW
2µ) + (g′Bµ − gW 3µ)2]. (305)
The mass for the charged vector bosons W±µ = (W
1
µ ∓ iW 2µ)/
√
2 is
mW =
ω∗g
2
. (306)
After diagonalization, the gauge fields Bµ and W
3
µ are transformed into gauge fields Zµ and
Aµ from the following relations
Zµ = cos θWBµ − sin θWW 3µ , (307)
Aµ = cos θWBµ + sin θWW
3
µ ,
with tan θW = g
′/g, of which the masses are
mZ =
ω∗(g2 + g′2)1/2
2
=
mW
cos θW
, (308)
mA = 0.
The “Weinberg angle” θW becomes the angle between the original U(1) and the one left
unbroken.
The neutral gauge bosons Aµ are massless and will be identified with the photons. Now,
the gauge symmetry UEM(1) accompanying Aµ is to change the position of the internal
zeroes of the composite knots that will never be broken. That is
ψ( ~X) =

 ψL( ~X)
ψR( ~X)

→

 ψL(x)e−ieφ( ~X)
ψR(x)e
−ieφ( ~X)

 (309)
→ e−ieφ( ~X)ψ( ~X).
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Then, the electric charge operator e will be a linear combination of T3 and Y as
e = T3 +
Y
2
. (310)
D. Unified theory of standard knot-crystal
Finally, we derive the unified theory of standard knot-crystal by considering all points
of view. The low energy effective theory is just the Standard model – an SUStrong(3) ⊗
SUweak(2)⊗UY(1) gauge theory with Higgs mechanism due to spontaneous symmetry break-
ing.
Before considering Higgs condensation or ω0 = 0, the low energy effective Lagrangian
density is
LSM = Lfermion + LY(UY(1)) + Lstrong(SUStrong(3)) (311)
+ Lweak(SUweak(2)) + LHiggs
where
Lfermion = Trψ¯Liγµ(∂µ − ig~τ
2
· ~Wµ + ig
′
2
Bµ)ψL (312)
+ ψ¯Riγ
µ(∂µ + ig
′Bµ)ψR
+ Trψ¯quark,Li(∂µ − ig~τ
2
· ~Wµ − ig
′
6
Bµ)ψquark,L
+ u¯Ri(∂µ + i
2g′
3
Bµ)uR + d¯Ri(∂µ + i
g′
3
Bµ)dR,
LY(UY(1)) = −1
4
BµνB
µν , (313)
Lstrong(SUStrong(3)) = −1
2
TrGµνGµν , (314)
Lweak(SUweak(2)) = −Tr1
2
WµνW
µν , (315)
LHiggs = |(∂µ − ig~τ
2
· ~Wµ − ig
′
2
Bµ)ω|2 (316)
− V (ω) + ψ¯quark,LGquarkωψquark,R
+ ψ¯Lepton,LGLeptonωψLepton,R + h.c..
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After considering the Higgs condensation ω∗ 6= 0, we have the low energy effective La-
grangian as
LSM = Lfermion + L(UEM(1)) + Lweak(SUweak(2)) (317)
+ Lstrong(SUStrong(3)) + LHiggs
= ν¯iγµ∂µν + e¯Riγ
µ∂µe
+ u¯iγµ∂µu+ d¯iγ
µ∂µd+mee¯e
+mdd¯d+muu¯u.
− 1
4
FµνF
µν − Tr1
2
WµνW
µν − 1
2
TrGµνGµν
+ eAµ(x)j
µ
(em) + TrJ
µ
YMAµ
+
1
8
(ω∗)2[g2(W 1µW
1µ +W 2µW
2µ) + (g′Bµ − gW 3µ)2]
+ gw(W
+
µ j
µ
w− +W
−
µ j
µ
w+) + gzW
z
µj
µ
w z
+ |∂µω|2 +mHiggs |ω|2 + ...
where the electric current is
jµ(em) = ie¯γ
µe+ i
2
3
u¯γµu (318)
+ i
1
3
d¯γµd,
the weak current is
jµw− = ie¯γµν + iu
Tγµd, (319)
jµw+ = iν¯γµe+ id
Tγµu,
and the color current is
Ja,µYM = u¯iγ
µT au+ d¯iγµT ad. (320)
This is exact one-flavor Standard model, an SUStrong(3)⊗ (SU(2))weak⊗UY(1) gauge theory
with Higgs mechanism due to spontaneous symmetry breaking.
X. SUMMARY AND DISCUSSION
In the end, we give a summary. In this paper, knot dynamics on composite knot-crystal is
studied. From knot physics, the knot-crystal becomes fundamental physical object, of which
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Composite knot-crystal Quantum field theory
N = 1 and M = 1 Weyl Fermion model
N = 2 and M = 1 Dirac Fermion model
N = 2 and M = 2 Weak SU(2) gauge field theory
N = 4 and M = 2 SU(n)*U(1) gauge field theory
N = 4 and M = 3 One flavor Standard model
TABLE I: The correspondence between different quantum field theories in modern physics and the
different composite knot-crystals in knot physics
elementary excitations are gauge fields and fermionic particles (knots). In particular, for a
special composite knot-crystal – standard knot-crystal, the low energy effective theory is just
the Standard model – an SUStrong(3)⊗SUweak(2)⊗UY(1) gauge theory with Higgs mechanism
due to spontaneous symmetry breaking. The knot physics provides a way to unify all gauge
fields and elementary fermionic excitations. In table.1, we give the correspondence between
different quantum field theories in modern physics and the different composite knot-crystals
in knot physics.
Grand Unified Theory (GUT) is a dream of physicists to unify all non-gravitational
interactions. There are several approaches towards GUT. String theory is a possible theory
of GUT[32]. According to string theory, matter consists of vibrating strings (or strands)
and different oscillatory patterns of strings become different particles with different masses.
In condensed matter physics, the idea of our universe as an “emergent” phenomenon has
become increasingly popular. In emergence approach, a deeper and unified understanding
of the universe is developed based on a complicated many-body system. Different quantum
fields correspond to different many-body systems: the vacuum corresponds to the ground
state and the elementary particles correspond to the excitations of the systems. According to
string-net picture proposed by Wen, our universe (such as gauge interaction, Fermi statistics,
...) emerges from a frustrated quantum spin model[33]. In addition, there exist many other
proposals of GUT from different points of view, such as loop quantum gravity theory[34, 35],
G. Lisi’s E8 theory[36], C. Schiller’s Strand Model[28], ...
Based on knot physics, we may guess that our universe becomes a composite knot-crystal
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– standard knot-crystal, of which the hierarchy series is {3, N} where N is a very large
number, N ≫ 1 (for example, N ∼ 1015).
In this paper there are two important issues that we don’t discuss: 1) the flavor physics, in-
cluding the origin of three-flavor, the value of each elements of Cabibbo-Kobayashi-Maskawa
mass matrix[37] and the mechanism of weak charge-parity (CP) violence; 2) quark confine-
ment that may be relevant to the dynamics of internal knots inside the quarks. In the
future, we will study these issues and develops a complete knot theory for particle physics
and quantum field theory.
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